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THE BAUM-CONNES CONJECTURE VIA
LOCALISATION OF CATEGORIES
RALF MEYER AND RYSZARD NEST
Abstrat. We redene the Baum-Connes assembly map using simpliial ap-
proximation in the equivariant Kasparov ategory. This new interpretation
is ideal for studying funtorial properties and gives analogues of the Baum-
Connes assembly map for other equivariant homology theories. We extend
many of the known tehniques for proving the Baum-Connes onjeture to
this more general setting.
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1. Introdution
Let G be a seond ountable loally ompat group. Let A be a separable
C∗-algebra with a strongly ontinuous ation of G and let G ⋉r A be the redued
rossed produt, whih is another separable C∗-algebra. The aim of the Baum-
Connes onjeture (with oeients) is to ompute the K-theory of G⋉rA. For the
trivial ation of G on C (or R), this speialises to K∗(C
∗
r (G)), the K-theory of the
redued C∗-algebra of G. One denes a ertain graded Abelian group Ktop∗ (G,A),
alled the topologial K-theory of G with oeients A, and a homomorphism
(1) µA : K
top
∗ (G,A)→ K∗(G⋉r A),
whih is alled the Baum-Connes assembly map. The Baum-Connes onjeture
for G with oeients A asserts that this map is an isomorphism. It has important
appliations in topology and ring theory. The onjeture is known to hold in many
ases, for instane, for amenable groups ([23℄). A reent survey artile on the
Baum-Connes onjeture is [22℄.
Despite its evident suess, the usual denition of the Baum-Connes assem-
bly map has some important shortomings. At rst sight Ktop∗ (G,A) may seem
even harder to ompute than K∗(G ⋉r A). Experiene shows that this is not the
ase. Nevertheless, there are situations where Ktop∗ (G,A) reates more trouble
than K∗(G⋉rA). For instane, most of the work required to prove the permanene
properties of the Baum-Connes onjeture is needed to extend evident properties of
K∗(G⋉r A) to K
top
∗ (G,A). The meaning of the Baum-Connes onjeture is rather
mysterious: it is not a priori lear that Ktop∗ (G,A) should have anything to do with
K∗(G⋉rA). A related problem is that the Baum-Connes assembly map only makes
sense for K-theory and not for other interesting equivariant homology theories. For
instane, in onnetion with the Chern harater it would be desirable to have a
Baum-Connes assembly map for loal yli homology as well.
Our alternative desription of the assembly map addresses these shortomings.
It applies to any equivariant homology theory, that is, any funtor dened on the
equivariant Kasparov ategory KKG. For instane, we an also apply K-homology
and loal yli homology to the rossed produt. Atually, this is nothing so
new. Gennadi Kasparov did this using his Dira dual Dira methodfor all groups
to whih his method applies (see [28, 29℄). In his approah, the topologial side
of the Baum-Connes onjeture appears as the γ-part of K∗(G ⋉r A), and this
γ-part makes sense for any funtor dened on KKG. Indeed, our approah is very
lose to Kasparov's. We show that one half of Kasparov's method, namely, the
Dira morphism, exists in omplete generality, and we observe that this sues to
onstrut the assembly map. From the tehnial point of view, this is the main
innovation in this artile.
Our approah is very suitable to state and prove general funtorial properties
of the assembly map. The various known permanene results of the Baum-Connes
onjeture beome rather transparent in our setup. Suh permanene results have
been investigated by several authors. There is a series of papers by Jérme Chabert,
Siegfried Ehterho and Hervé Oyono-Oyono ([1012, 15, 16℄). Both authors of
this artile have been quite familiar with their work, and it has greatly inuened
this artile. We also reprove a permanene result for unions of groups by Paul
Baum, Stephen Millington and Roger Plymen ([7℄) and a result relating the real
and omplex versions of the Baum-Connes onjeture by Paul Baum and Max
Karoubi ([6℄) and independently by Thomas Shik ([39℄). In addition, we use
results of [39℄ to prove that the existene of a γ-element for a group G for real and
omplex oeients is equivalent.
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A good blueprint for our approah towards the Baum-Connes onjeture is the
work of James Davis and Wolfgang Lük in [18℄. As kindly pointed out by the
referee, the approah of Paul Balmer and Mihel Matthey in [35℄ is even loser.
However, these are only formal analogies, as we shall explain below.
Davis and Lük only onsider disrete groups and reinterpret the Baum-Connes
assembly map for K∗(G ⋉r C0(X)) as follows. A proper G-CW-omplex X˜ with
a G-equivariant ontinuous map X˜ → X is alled a proper G-CW-approximation
for X if it has the following universal property: any map from a proper G-CW-
omplex to X fators through X˜, and this fatorisation is unique up to equivariant
homotopy. Suh approximations always exist and are unique up to equivariant
homotopy equivalene. Given a funtor F on the ategory of G-spaes, one denes
its loalisation by LF (X) := F (X˜) (up to isomorphism). It omes equipped with
a map LF (X)→ F (X). For suitable F , this is the Baum-Connes assembly map.
We replae the homotopy ategory of G-spaes by the G-equivariant Kasparov
ategoryKKG, whose objets are the separableG-C∗-algebras and whose morphism
spaes are the bivariant groups KKG0 (A,B) dened by Kasparov. We need some
extra struture, of ourse, in order to do algebrai topology. For our purposes, it is
enough to turn KKG into a triangulated ategory (see [38,46℄). The basi examples
of triangulated ategories are the derived ategories in homologial algebra and the
stable homotopy ategory in algebrai topology. They have enough struture to
loalise and to do rudimentary homologial algebra. Aording to our knowledge,
Andreas Thom's thesis [43℄ is the rst work on C∗-algebras where triangulated
ategories are expliitly used. Sine this struture is ruial for us and not well-
known among operator algebraists, we disuss it in an operator algebrai ontext
in Setion 2. We also devote an appendix to a detailed proof that KKG is a
triangulated ategory. This veriation of axioms is not very illuminating. The
reason for inluding it is that we ould not nd a good referene.
We all A ∈ KKG ompatly indued if it is KKG-equivalent to IndGH A
′
for some
ompat subgroup H ⊆ G and some H-C∗-algebra A′. We let CI ⊆ KKG be the
full subategory of ompatly indued objets and 〈CI〉 the loalising subategory
generated by it. The objets of 〈CI〉 are our substitute for properG-CW-omplexes.
The objets of CI behave like the ells out of whih proper G-CW-omplexes are
built. We dene a CI-simpliial approximation of A ∈ KKG as a morphism A˜→ A
in KKG with A˜ ∈ 〈CI〉 suh that KKG(P, A˜) ∼= KKG(P,A) for all P ∈ 〈CI〉. We
show that CI-simpliial approximations always exist, are unique, funtorial, and
have good exatness properties. Therefore, if F : KKG → C is any homologial
funtor into an Abelian ategory, then its loalisation LF (A) := F (A˜) is again a
homologial funtor KKG → C. It omes equipped with a natural transformation
LF (A) → F (A). For the funtor F (A) := K∗(G ⋉r A), this map is naturally
isomorphi to the Baum-Connes assembly map. In partiular,Ktop∗ (G,A) ∼= LF (A).
Thus we have redened the Baum-Connes assembly map as a loalisation.
Of ourse, we do not expet the map LF (A)→ F (A) to be an isomorphism for
all funtors F . For instane, onsider the K-theory of the full and redued rossed
produts. We will show that both funtors have the same loalisation. However,
the full and redued group C∗-algebras may have dierent K-theory.
A variant of Green's Imprimitivity Theorem ([20℄) for redued rossed produts
says that G⋉r Ind
G
H A for a ompat subgroup H ⊆ G is Morita-Rieel equivalent
to H ⋉A. Combining this with the Green-Julg Theorem ([25℄), we get
K∗(G⋉r Ind
G
H A)
∼= K∗(H ⋉A) ∼= K
H
∗ (A).
Hene K∗(G⋉r B) is omparatively easy to ompute for B ∈ CI. For an objet of
〈CI〉, we an, in priniple, ompute its K-theory by deomposing it into building
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bloks from CI. In a forthoming artile, we will disuss a spetral sequene that
organises this omputation. As a result, K∗(G ⋉r A˜) is quite tratable for A˜ ∈
〈CI〉. The CI-simpliial approximation replaes an arbitrary oeient algebra A
by the best approximation to A in this tratable subategory in the hope that
K∗(G⋉r A˜) ∼= K
top
∗ (G,A) is then a good approximation to K∗(G ⋉r A).
Above we have related the Baum-Connes assembly map to simpliial approxi-
mation in homotopy theory. Alternatively, we an use an analogy to homologial
algebra. In this piture, the ategory KKG orresponds to the homotopy ategory
of hain omplexes over an Abelian ategory. The latter has hain omplexes as
objets and homotopy lasses of hain maps as morphisms. To do homologial al-
gebra, we also need exat hain omplexes and quasi-isomorphisms. In our ontext,
these have the following analogues.
A G-C∗-algebra is alled weakly ontratible if it is KKH -equivalent to 0 for
all ompat subgroups H ⊆ G. We let CC ⊆ KKG be the full subategory of
weakly ontratible objets. This is a loalising subategory of KKG. We all
f ∈ KKG(A,B) a weak equivalene if it is invertible in KKH(A,B) for all ompat
subgroups H ⊆ G. The weakly ontratible objets and the weak equivalenes
determine eah other: a morphism is a weak equivalene if and only if its mapping
one is weakly ontratible, and A is weakly ontratible if and only if the zero
map 0→ A is a weak equivalene.
The subategories CC and 〈CI〉 are orthogonal omplements in the sense that
B ∈ CC if and only if KKG(A,B) = 0 for all A ∈ 〈CI〉, and A ∈ 〈CI〉 if and only
if KKG(A,B) = 0 for all B ∈ CC. Hene f ∈ KKG(B,B′) is a weak equivalene if
and only if the indued map KKG(A,B) → KKG(A,B′) is an isomorphism for all
A ∈ 〈CI〉. Therefore, a CI-simpliial approximation for A is the same as a weak
equivalene f ∈ KKG(A˜, A) with A˜ ∈ 〈CI〉.
We now return to our analogy with homologial algebra. The weakly ontratible
objets play the role of the exat hain omplexes and the weak equivalenes play
the role of the quasi-isomorphisms. Objets of 〈CI〉 orrespond to projetive hain
omplexes as dened in [31℄. Hene CI-simpliial approximations orrespond to
projetive resolutions. In homologial algebra, we an ompute the total left derived
funtor of a funtor F by applying F to a projetive resolution. Thus LF as dened
above orresponds to the total left derived funtor of F . In partiular, Ktop∗ (G,A)
appears as the total left derived funtor of K∗(G⋉r A).
Bernhard Keller's presentation of homologial algebra in [31℄ is quite lose to our
onstrutions beause it relies very muh on triangulated ategories. This is unusual
beause most authors prefer to use the ner struture of Abelian ategories. How-
ever, nothing in our setup orresponds to the underlying Abelian ategory. Hene
we only get an analogue of the total derived funtor, not of the satellite funtors
that are usually alled derived funtors. A more serious dierene is that there
are almost no interesting exat funtors in homologial algebra. In ontrast, the
Baum-Connes onjeture asserts that the funtor K∗(G⋉r A) agrees with its total
derived funtor, whih is equivalent to exatness in lassial homologial algebra.
Hene the analogy to homologial algebra is somewhat misleading.
Using weak equivalenes, we an also formulate the Baum-Connes onjeture
with oeients as a rigidity statement. The assembly map LF (A) → F (A) is an
isomorphism for all A if and only if F maps all weak equivalenes to isomorphisms.
If F satises some exatness property, this is equivalent to F (A) = 0 for all A ∈ CC.
If A ∈ CC, then A is KKG-equivalent to a G-C∗-algebra that isH-equivariantly on-
tratible for any ompat subgroup H ⊆ G (replae A by the universal algebra qsA
dened in [34℄). Thus the Baum-Connes onjeture with oeients is equivalent
to the statement that K∗(G ⋉r A) = 0 if A is H-equivariantly ontratible for all
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ompat subgroups H ⊆ G. Another equivalent formulation that we obtain in Se-
tion 9 is the following. The Baum-Connes onjeture with oeients is equivalent
to the statement that K∗(G⋉r A) = 0 if K∗(H ⋉A) = 0 for all ompat subgroups
H ⊆ G. Both reformulations of the Baum-Connes onjeture with oeients are
as elementary as possible: they involve nothing more than ompat subgroups,
K-theory and redued rossed produts.
The loalisation of the homotopy ategory of hain omplexes over an Abelian
ategory at the subategory of exat hain omplexes, is its derived ategory, whih
is the ategory of primary interest in homologial algebra. In our ontext, it orre-
sponds to the loalisation KKG/CC. We desribe KKG/CC in more lassial terms,
using the universal proper G-spae EG. We identify the spae of morphisms A→ B
in KKG/CC with the group RKKG(EG;A,B) as dened by Kasparov ([28℄). The
anonial funtor KKG → KKG/CC is the obvious one,
p∗EG : KK
G(A,B)→ RKKG(EG;A,B).
As a onsequene, if A is weakly ontratible, then p∗Y (A)
∼= 0 for any proper
G-spae Y . This means that the homogeneous spaes G/H for H ⊆ G ompat,
whih are impliitly used in the denition of weak ontratibility, already generate
all proper G-spaes. Another onsequene is that proper G-C∗-algebras in the
sense of Kasparov belong to 〈CI〉. Conversely, for many groups any objet of 〈CI〉
is KKG-equivalent to a proper G-C∗-algebra (see the end of Setion 7).
Let ⋆ ∈ KKG be the real or omplex numbers, depending on the ategory we
work with. We have a tensor produt operation in KKG, whih is niely ompatible
with the subategories CC and CI. Therefore, if D ∈ KKG(P, ⋆) is a CI-simpliial
approximation for ⋆, then D⊗idA ∈ KK
G(P⊗A,A) is a CI-simpliial approximation
for A ∈ KKG. Thus we an desribe the loalisation of a funtor more expliitly as
LF (A) := F (P⊗A). We all D a Dira morphism for G. Its existene is equivalent
to the representability of a ertain funtor. Eventually, this is dedued from a
generalisation of Brown's Representability Theorem to triangulated ategories.
The following example of a Dira morphism motivates our terminology. Suppose
that EG is a smooth manifold. Replaing it by a suspension of T ∗EG, we ahieve
that EG has a G-invariant spin struture and that 8 | dim EG. Then the Dira
operator on EG denes an element of KKG0 (C0(EG), ⋆); this is a Dira morphism
for G. We an also desribe it as the element p! ∈ KKG0 (C0(EG), ⋆) assoiated to
the onstant map p : EG→ ⋆ by wrong way funtoriality. Unfortunately, wrong way
funtoriality only works for manifolds. Extending it to non-Hausdor manifolds as
in [29℄, one an onstrut expliit Dira morphisms also for groups ating properly
and simpliially on nite dimensional simpliial omplexes. However, it is unlear
how to adapt this to innite dimensional situations.
Sine we work in the Kasparov ategory, Bott periodiity is an integral part of our
setup. The above example of a Dira morphism shows that wrong way funtoriality
and hene Bott periodiity indeed play signiant roles. This distinguishes our
approah from [35, 18℄. The bad news is that we annot treat homology theories
suh as algebraiK-theory that do not satisfy periodiity. The good news is that the
Dira dual Dira method, whih is one of the main proof tehniques in onnetion
with the Baum-Connes onjeture, is also part of our setup. In examples, this
method usually arises as an equivariant version of Bott periodiity.
A dual Dira morphism is an element η ∈ KKG(⋆,P) that is a left-inverse to the
Dira morphism D ∈ KKG(P, ⋆), that is, ηD = idP. Suppose that it exists. Then
γ = Dη is an idempotent in KKG(⋆, ⋆). By exterior produt, we get idempotents
γA ∈ KK
G(A,A) for all A ∈ KKG. We have A ∈ CC if and only if γA = 0, and
A ∈ 〈CI〉 if and only if γA = 1. The ategory KK
G
is equivalent to the diret
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produt KKG ∼= CC × 〈CI〉. Therefore, the assembly map is split injetive for any
ovariant funtor. For groups with the Haagerup property and, in partiular, for
amenable groups, a dual Dira morphism exists and we have γ = 1. This important
theorem is due to Nigel Higson and Gennadi Kasparov ([23℄). In this ase, weak
equivalenes are already isomorphisms in KKG. Hene LF = F for any funtor F .
When we ompose two funtors in homologial algebra, it frequently happens
that L(F ′ ◦ F ) ∼= LF ′ ◦ LF . This holds, for instane, if F maps projetives to
projetives. We hek that the restrition and indution funtors preserve the
subategories CC and 〈CI〉. The same holds for the omplexiation funtor from
real to omplex KK-theory and many others. The ensuing identities of loalised
funtors imply permanene properties of the Baum-Connes onjeture.
Another useful idea that our new approah allows is the following. Instead
of deriving the funtor A 7→ K∗(G ⋉r A), we may also derive the rossed produt
funtorA 7→ G⋉rA itself. Its loalisationG⋉LrA is a triangulated funtor fromKK
G
to KK. It an be desribed expliitly as G⋉Lr A = G⋉r (P⊗A) if D ∈ KK
G(P, ⋆) is a
Dira morphism. The Baum-Connes onjeture asks for D∗ ∈ KK(G⋉Lr A,G⋉rA) to
indue an isomorphism on K-theory. Instead, we an ask it to be a KK-equivalene.
Then the Baum-Connes onjeture holds for F (G⋉r A) for any split exat, stable
homotopy funtor F on C∗-algebras beause suh funtors desend to the ategory
KK. For instane, this overs loal yli (o)homology and K-homology.
This stronger onjeture is known to be false in some ases where the Baum-
Connes onjeture holds. Nevertheless, it holds in many examples. For groups with
the Haagerup property, we have γ = 1, so that LF = F for any funtor, anyway.
If both G ⋉r A and G ⋉
L
r A satisfy the Universal Coeient Theorem (UCT) in
KK, then an isomorphism on K-theory is automatially a KK-equivalene. Sine
G ⋉Lr ⋆ always satises the UCT, the strong Baum-Connes onjeture with trivial
oeients holds if and only if the usual Baum-Connes onjeture holds and C∗r (G)
satises the UCT. This is known to be the ase for almost onneted groups and
linear algebrai groups over p-adi number elds, see [14, 16℄.
This artile is the rst step in a programme to extend the Baum-Connes onje-
ture to quantum group rossed produts. It does not seem a good idea to extend
the usual onstrution in the group ase beause it is not lear whether the result-
ing analogue of Ktop∗ (G,A) an be omputed. Even if we had a good notion of a
proper ation of a quantum group, these ations would ertainly our on very non-
ommutative spaes, so that we have to quantise the algebrai topology needed
to ompute Ktop∗ (G,A). The framework of triangulated ategories and loalisation
of funtors is ideal for this purpose. In the group ase, the homogeneous spaes
G/H for ompat subgroups H ⊆ G generate all proper ations in the group ase.
Thus we expet that we an formulate the Baum-Connes onjeture for quantum
groups using quantum homogeneous spaes instead of proper ations. However,
we still need some further algebrai struture: restrition and indution funtors
and tensor produts of oations. We plan to treat this additional struture and
to onstrut a Baum-Connes assembly map for quantum groups in a sequel to this
paper. Here we only onsider the lassial ase of group ations.
1.1. Some general onventions. Let C be a ategory. We write A ∈ C to denote
that A is an objet of C, and C(A,B) for the spae of morphisms A→ B in C.
It makes no dierene whether we work with real, real, or omplex C∗-algebras.
Exept for setion 10.6, we do not distinguish between these ases in our notation.
Of ourse, standard C∗-algebras like C0(X) and C
∗
r (G) have to be taken in the
appropriate ategory. We denote the one-point spae by ⋆ and also write ⋆ = C(⋆).
Thus ⋆ denotes the omplex or real numbers depending on the ategory we use.
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Loally ompat groups and spaes are taitly assumed to be seond ountable,
and C∗-algebras are taitly assumed to be separable. Let G be a loally ompat
group and let X be a loally ompat G-spae. A G-C∗-algebra is a C∗-algebra
equipped with a strongly ontinuous ation of G by automorphisms. A G⋉X-C∗-
algebra is a G-C∗-algebra equipped with a G-equivariant essential ∗-homomorphism
from C0(X) to the entre of its multiplier algebra. Kasparov denes bivariant
K-theory groups RKKG∗ (X ;A,B) involving these data in [28, Denition 2.19℄. The
notationRKKG∗ (X ;A,B) should be distinguished from RKK
G
∗ (X ;A,B). The latter
is dened for two G-C∗-algebras A and B by
(2) RKKG∗ (X ;A,B) := RKK
G
∗ (X ;C0(X,A), C0(X,B)).
SineRKKG∗ (X ;A,B) agrees with the bivariantK-groups for the groupoidG⋉X
as dened in [32℄, we denote it byKKG⋉X∗ (A,B). For several purposes, it is useful to
generalise from groups to groupoids. However, we do not treat arbitrary groupoids
beause it is not so lear what should orrespond to the ompat subgroups in this
ase. We work with transformation groups throughout beause this generalisation
is not more diult than the group ase and useful for several appliations.
We write K∗(A) for the graded Abelian group n 7→ Kn(A), n ∈ Z, and similarly
for KKG⋉X∗ (A,B). We usually omit the subsript 0, that is, K(A) := K0(A), et..
The G⋉X-equivariant Kasparov ategory is the additive ategory whose objets
are the G⋉X-C∗-algebras and whose group of morphisms A→ B is KKG⋉X0 (A,B);
the omposition is the Kasparov produt. We denote this ategory by KKG⋉X .
The notion of equivalene for G ⋉ X-C∗-algebras that we enounter most fre-
quently isKK-equivalene, that is, isomorphism inKKG⋉X , whih we simply denote
by 
∼=. Sometimes we may want to stress that two G ⋉ X-C∗-algebras are more
than just KK-equivalent. We write A ≈ B if A and B are isomorphi as G⋉X-C∗-
algebras and A ∼M B if A and B are G⋉X-equivariantly Morita-Rieel equivalent.
Both relations imply A ∼= B.
2. Triangulated ategories of operator algebras
In this setion, we explain triangulated ategories in the ontext of equivariant
Kasparov theory. The purpose is to introdue operator algebraists to the language
of triangulated ategories, whih we are using throughout this artile. We hope
that it allows them to understand this artile without having to read the speialised
literature on triangulated ategories (like [38,46℄). Thus we translate various known
results of non-ommutative topology into the language of triangulated ategories.
In addition, we sketh how to prove basi fats about loalisation of triangulated
ategories in the speial ase where there are enough projetives. There is nothing
essentially new in this setion. The only small exeption is the rather satisfatory
treatment of indutive limits of C∗-algebras in Setion 2.4.
The two motivating examples of triangulated ategories are the stable homotopy
ategory from algebrai topology and the derived ategories of Abelian ategories
from homologial algebra. The denition of a triangulated ategory formalises some
important struture that is present in these ategories. The additional struture
onsists of a translation automorphism and a lass of exat triangles (often alled
distinguished triangles). We rst explain what these are for KKG⋉X .
2.1. Suspensions and mapping ones. Let Σ: KKG⋉X → KKG⋉X be the sus-
pension funtor ΣA := C0(R) ⊗ A. This is supposed to be the translation auto-
morphism in our ase. However, it is only an equivalene and not an isomorphism
of ategories. This defet is repaired by the following trik. We replae KKG⋉X
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by the ategory K˜KG⋉X whose objets are pairs (A, n) with A ∈ KKG⋉X , n ∈ Z,
with morphisms
K˜KG⋉X
(
(A, n), (B,m)
)
:= lim−→
p∈N
KKG⋉X(Σp+nA,Σp+mB).
Atually, sine the maps KKG⋉X(A,B)→ KKG⋉X(ΣA,ΣB) are isomorphisms by
Bott periodiity, we an omit the diret limit over p. Morphisms in K˜KG⋉X are om-
posed in the obvious fashion. We dene the translation or suspension automorphism
on K˜KG⋉X by Σ(A, n) := (A, n + 1). The evident funtor KKG⋉X → K˜KG⋉X ,
A 7→ (A, 0), identies KKG⋉X with a full subategory of K˜KG⋉X . Any objet of
K˜KG⋉X is isomorphi to one from this subategory beause Bott periodiity yields
(A, n) ∼= (Σn mod 8A, 0) for all n ∈ Z, A ∈ KKG⋉X . Thus the ategories K˜KG⋉X
and KKG⋉X are equivalent. It is not neessary to distinguish between K˜KG⋉X and
KKG⋉X exept in very formal arguments and denitions. Most of the time, we
ignore the dierene between these two ategories.
Let f : A→ B be an equivariant ∗-homomorphism. Then its mapping one
(3) cone(f) := {(a, b) ∈ A× C0(]0, 1], B) | f(a) = b(1)}
is again a G⋉X-C∗-algebra and there are natural equivariant ∗-homomorphisms
(4) ΣB
ι
−→ cone(f)
ǫ
−→ A
f
−→ B.
Suh diagrams are alled mapping one triangles. A diagram ΣB′ → C′ → A′ → B′
in K˜KG⋉X is alled an exat triangle if it is isomorphi to a mapping one triangle.
That is, there is an equivariant ∗-homomorphism f : A → B and a ommutative
diagram
ΣB //
Σβ∼=

cone(f) //
γ∼=

A //
α∼=

B
β∼=

ΣB′ // C′ // A′ // B′
where α, β, γ are isomorphisms in K˜KG⋉X and Σβ is the suspension of β.
Proposition 2.1. The ategory K˜KG⋉X with Σ−1 as translation funtor and with
the exat triangles as desribed above is a triangulated ategory. It has ountable
diret sums: they are the usual C∗-diret sums.
It is proven in the appendix that K˜KG⋉X is triangulated. It is shown in [28℄
that KKG⋉X(
⊕
An, B) ∼=
∏
KKG⋉X(An, B). This means that the usual C
∗
-diret
sum is a diret sum operation also in KKG⋉X .
Notie that the translation funtor is the inverse of the suspension Σ. The
reason for this is as follows. The axioms of a triangulated ategory are modelled
after the stable homotopy ategory, and the funtor from spaes to C∗-algebras
is ontravariant. Hene we ought to work with the opposite ategory of KKG⋉X .
The opposite ategory of a triangulated ategory beomes again triangulated if we
use the same exat triangles and replae the translation funtor by its inverse.
Sine we want to work with KKG⋉X and not its opposite and retain the usual
onstrutions from the stable homotopy ategory, we sometimes deviate in our
onventions from the usual ones for a triangulated ategory. For instane, we always
write exat triangles in the form ΣB → C → A→ B.
One of the axioms of a triangulated ategory requires any f ∈ KKG⋉X(A,B) to
be part of an exat triangle ΣB → C → A
f
→ B. We all this triangle a mapping
one triangle for f and C a mapping one for f . We an use the mapping one
triangle (4) if f is an equivariant ∗-homomorphism. In general, we replae f by an
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equivariant ∗-isomorphism f ′ : qsA → qsB and then take a mapping one triangle
of f ′ as in (4). The universal C∗-algebra qsA is dened in [34℄. It is important that
qsA is isomorphi to A in KK
G⋉X
. We warn the reader that the above onstrution
only works for ungraded C∗-algebras. For this reason, the Kasparov ategory of
graded C∗-algebras is not triangulated. We an represent elements of KK(A,B) by
equivariant, grading preserving ∗-homomorphisms χA→ K⊗B as in [34℄. However,
χA is no longer KK-equivalent to A.
The mapping one triangle has the weak funtoriality property that for any
ommutative diagram
ΣB //
Σβ

C // A //
α

B
β

ΣB′ // C′ // A′ // B′
whose rows are exat triangles there is a morphism γ : C → C′ making the diagram
ommute. The triple (γ, α, β) is alled a morphism of triangles. We do not have a
funtor essentially beause γ is not unique. At least, the axioms of a triangulated
ategory guarantee that γ is an isomorphism if α and β are. Thus the mapping
one and the mapping one triangle are unique up to a non-anonial isomorphism.
The following fats are proven in [38℄.
Lemma 2.2. Let ΣB → C → A
f
→ B be an exat triangle. Then C = 0 if and
only if f is an isomorphism. That is, a morphism f is an isomorphism if and only
if its mapping one vanishes.
If the map ΣB → C vanishes, then there is an isomorphism A ∼= C⊕B suh that
the maps C → A→ B beome the obvious ones. That is, the triangle is isomorphi
to a diret sum triangle. Conversely, diret sum triangles are exat.
2.2. Long exat sequenes. Let T be a triangulated ategory, for instane,
KKG⋉X , let Ab be the ategory of Abelian groups (or any Abelian ategory).
We all a ovariant funtor F : T → Ab homologial if F (C) → F (A) → F (B)
is exat for any exat triangle ΣB → C → A → B. We dene Fn(A) := F (ΣnA)
for n ∈ Z. Similarly, we all a ontravariant funtor F : T → Ab ohomolog-
ial if F (B) → F (A) → F (C) is exat for any exat triangle, and we dene
Fn(A) := F (ΣnA). The funtor A 7→ T (A,B) is ohomologial for any xed B
and the funtor B 7→ T (A,B) is homologial for any xed A. This follows from the
axioms of a triangulated ategory. Sine we an rotate exat triangles, we obtain a
long exat sequene (innite in both diretions)
. . .→ Fn(C)→ Fn(A)→ Fn(B)→ Fn−1(C)→ Fn−1(A)→ Fn−1(B)→ . . .
if F is homologial, and a dual long exat sequene for ohomologial F . The maps
in this sequene are indued by the maps of the exat triangle, of ourse.
2.3. Extension triangles. Sine any exat triangle in KKG⋉X is isomorphi to
a mapping one triangle, Setion 2.2 only yields long exat sequenes for mapping
one triangles. As in [17℄, this sues to get long exat sequenes for suitable
extensions. Let K
i
֌ E
p
։ Q be an extension of G ⋉ X-C∗-algebras. There is a
anonial equivariant ∗-homomorphism K → cone(p) that makes the diagram
(5)
ΣQ // K
i //

E
p
// Q
ΣQ
ι // cone(p)
ǫ // E
p
// Q
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ommute. The bottom row is the mapping one triangle, of ourse. In the non-
equivariant ase, there is a anonial isomorphism KK(ΣQ,K) ∼= Ext(Q,K). There
also exist similar results in the equivariant ase ([44℄). If the extension has a om-
pletely positive, ontrative, equivariant ross setion, then it denes an element
of ExtG⋉X(Q,K) ∼= KKG⋉X(ΣQ,K). This provides the dotted arrow in (5). Fur-
thermore, the vertial map K → cone(p) is invertible in KKG⋉X in this ase.
This an be proven diretly and then used to prove exision for the given extension.
Conversely, it follows from exision and the Puppe sequene using the Five Lemma.
Denition 2.3. We all the extension admissible if the map K → cone(p) in (5)
is invertible in KKG⋉X . Then there is a unique map ΣQ → K that makes (5)
ommute. The triangle ΣQ→ K → E → Q is alled an extension triangle.
If an extension is admissible, then the vertial maps in (5) form an isomorphism
of triangles. Hene extension triangles are exat. Not every extension is admissible.
As we remarked above, extensions with an equivariant, ontrative, ompletely pos-
itive setion are admissible. If we replae KKG⋉X by EG⋉X , then every extension
beomes admissible.
Let f : A→ B be an equivariant ∗-homomorphism. We laim that the mapping
one triangle for f is the extension triangle for an appropriate extension. For this
we need the mapping ylinder
(6) cyl(f) := {(a, b) ∈ A× C([0, 1], B) | f(a) = b(1)}.
Given b ∈ B, let const b ∈ C([0, 1], B) be the onstant funtion with value b. Dene
natural ∗-homomorphisms
pA : cyl(f)→ A, (a, b) 7→ a,
jA : A→ cyl(f), a 7→ (a, const f(a)),
f˜ : cyl(f)→ B, (a, b) 7→ b(0).
Then pAjA = idA, f˜ jA = f , and jApA is homotopi to the identity map in a natural
way. Thus cyl(f) is homotopy equivalent to A and this homotopy equivalene
identies the maps f˜ and f . We have a natural C∗-extension
(7) 0→ cone(f)→ cyl(f)
f˜
→ B → 0.
Build the diagram (5) for this extension. One heks easily that the resulting
map cone(f) → cone(f˜) is a homotopy equivalene, so that the extension (7) is
admissible. The omposition ΣB → cone(f˜)
∼
← cone(f) is naturally homotopy
equivalent to the inlusion map ΣB → cone(f). Thus the extension triangle for
the admissible extension (7) is isomorphi to the mapping one triangle for f . It
follows that any exat triangle in KKG⋉X is isomorphi to an extension triangle
for some admissible extension.
2.4. Homotopy limits. Let (An, α
n
m) be a ountable indutive system in KK
G⋉X
,
with struture maps αnm : Am → An for m ≤ n. (Of ourse, it sues to give the
maps αm+1m .) Roughly speaking, its homotopy diret limit is the orret substitute
for the indutive limit for homologial omputations. Homotopy diret limits play
an important role in the proof of the Brown Representability Theorem 6.1. They
also our in onnetion with the behaviour of the Baum-Connes onjeture for
unions of open subgroups in Setion 10.3.
The homotopy diret limit ho-lim
−→
Am is dened to t in an exat triangle
(8) Σho-lim
−→
Am →
⊕
Am
id−S
−→
⊕
Am → ho-lim−→
Am.
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Here S is the shift map that maps the summand Am to the summand Am+1 via
αm+1m . Thus the homotopy diret limit is Σ
−1 cone(id− S); it is well-dened up to
non-anonial isomorphism and has the same weak kind of funtoriality as mapping
ones. The (de)suspensions are due to the passage to opposite ategories that is
impliit in our onventions. This also means that homotopy diret limits in KK
behave like homotopy inverse limits of spaes. The map
⊕
Am → ho-lim−→
Am in (8)
is equivalent to maps α∞m : Am → ho-lim−→
Am with α
∞
n ◦ α
n
m = α
∞
m for m ≤ n.
To formulate the harateristi properties of the homotopy limit, we onsider
(o)homologial funtors to the ategory of Abelian groups that are ompatible
with diret sums. The latter means F (
⊕
Am) ∼=
⊕
F (Am) in the ovariant ase
and F (
⊕
Am) ∼=
∏
F (Am) in the ontravariant ase. The funtor B 7→ T (A,B) is
not always ompatible with diret sums. We all A ompat if it is. The funtor
A 7→ T (A,B) is always ompatible with diret sums: this is just the universal
property of diret sums. Hene the following lemma applies to F (A) := T (A,B)
for any B.
Lemma 2.4 ([36℄). If F is homologial and ompatible with diret sums, then the
maps α∞m : Am → ho-lim−→
Am yield an isomorphism lim−→
Fn(Am)
∼=
→ Fn(ho-lim−→
Am).
If F is ohomologial and ompatible with diret sums, then there is a short exat
sequene
0→ lim
←−
1 Fn−1(Am)→ F
n(ho-lim
−→
Am)→ lim←−
Fn(Am)→ 0.
The map Fn(ho-lim
−→
Am)→ lim←−
Fn(Am) is indued by (α
∞
m )m∈N.
Proof. Consider the homologial ase rst. Apply the long exat homology sequene
to (8) and ut the result into short exat sequenes of the form
coker
(
id− S :
⊕
Fn(Am)→
⊕
Fn(Am)
)
֌ Fn(ho-lim−→
Am)
։ ker
(
id− S :
⊕
Fn−1(Am)→
⊕
Fn−1(Am)
)
.
The kernel of id−S vanishes and its okernel is, by denition, lim
−→
Fn(Am). Whene
the assertion. In the ohomologial ase, we get a short exat sequene
coker
(
id− S :
∏
Fn−1(Am)→
∏
Fn−1(Am)
)
֌ Fn(ho-lim−→Am)
։ ker
(
id− S :
∏
Fn(Am)→
∏
Fn(Am)
)
.
By denition, the kernel is lim
←−
Fn(Am) and the okernel is lim←−
1 Fn−1(Am). 
We now speialise to the ategory KKG⋉X and relate homotopy diret limits
to ordinary diret limits via mapping telesopes. This is used in our disussion of
unions of groups in Setion 10.3. Any indutive system in KKG⋉X is isomorphi
to the image of a diret system of G ⋉X-C∗-algebras. That is, the maps αnm are
equivariant ∗-homomorphisms and satisfy αnm ◦ α
m
l = α
n
l as suh. To get this,
replae the Am by the universal algebra qs(Am) as in the appendix.
The following disussion follows the treatment of indutive limits in [40℄. Let
(Am, α
n
m) be an indutive system of G⋉X-C
∗
-algebras. We let A∞ := lim−→
Am and
denote the natural maps Am → A∞ by α∞m . The mapping telesope of the system
is dened as the G-C∗-algebra
T (Am, α
n
m) :=
{
(fm) ∈
⊕
m∈N
C([m,m+ 1], Am)
∣∣∣∣
f0(0) = 0 and fm+1(m+ 1) = α
m+1
m
(
fm(m+ 1)
)}
.
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In the speial ase where the homomorphisms αnm are injetive, T (Am, α
n
m) is the
spae of all f ∈ C0(]0,∞[, A∞) with f(t) ∈ Am for t ≤ m + 1. In partiular, for
the onstant indutive system (A∞, id) we obtain just the suspension ΣA∞. Sine
the mapping telesope onstrution is funtorial, there is a natural equivariant
∗-homomorphism T (An, αnm)→ ΣA∞.
Denition 2.5. An indutive system (Am, α
n
m) is alled admissible if the map
T (An, α
n
m)→ ΣA∞ is invertible in KK
G⋉X
.
Proposition 2.6. We have lim
−→
(Am, α
n
m)
∼= ho-lim−→
(Am, α
n
m) for admissible indu-
tive systems.
Proof. Evaluation at positive integers denes a natural, surjetive, equivariant
∗-homomorphism π : T (Am, αnm) →
⊕
Am. Its kernel is naturally isomorphi to⊕
ΣAm. Thus we obtain a natural extension
0 −→
⊕
ΣAm
ι
−→ T (Am, α
n
m)
π
−→
⊕
Am −→ 0.
Build the diagram (5) for this extension. The map
⊕
ΣAn → cone(π) is a homotopy
equivalene in a natural and hene equivariant fashion. Hene the extension is
admissible. Moreover, one easily identies the map Σ
(⊕
Am
)
→
⊕
ΣAm with
S− id, where S is the shift map dened above. Rotating the extension triangle, we
obtain an exat triangle
T (Am, α
n
m)
−π
//
⊕
Am
id−S
//
⊕
Am
Σ−1ι //Σ−1T (Am, α
n
m).
This implies Σ−1T (Am, α
n
m)
∼= ho-lim−→
(Am, α
n
m) and hene the assertion. 
To obtain a onrete riterion for admissibility, we let T˜ (Am, α
n
m) be the vari-
ant of T (Am, α
n
m) where we require limt→∞ α
∞
m (fm(t)) to exist in A∞ instead of
lim fm(t) = 0. The algebra T˜ (Am, α
n
m) is equivariantly ontratible in a natu-
ral way. The ontrating homotopy is obtained by making sense of the formula
Hsf(t) := α
[t]
[st]f(st) for 0 ≤ s ≤ 1. There is a natural ommutative diagram
0 // T (Am, α
n
m)
⊆
//

T˜ (Am, α
n
m)
ev∞ //

A∞ // 0
0 // T (A∞, id)
⊆
// T˜ (A∞, id)
ev∞ // A∞ // 0
whose rows are short exat sequenes. The bottom extension is evidently admis-
sible. By denition, the vertial map on T (. . . ) is invertible in KKG⋉X if and
only if the indutive system is admissible. The other vertial maps are invertible
in any ase beause T˜ (. . . ) ∼= 0 in KKG⋉X . Therefore, if the indutive system is
admissible, then the top row is an admissible extension whose extension triangle
is isomorphi to the one for the bottom row. Conversely, if the top row is an ad-
missible extension, then the vertial map on T (. . . ) is invertible in KKG⋉X by the
uniqueness of mapping ones. As a result, the indutive system is admissible if and
only if the extension in the top row above is admissible. In EG⋉X , all indutive
systems are admissible beause all extensions are admissible.
Lemma 2.7. An indutive system (Am, α
n
m) is admissible if there exist equivariant
ompletely positive ontrations φm : A∞ → Am suh that α
∞
m ◦ φm : A∞ → A∞
onverges in the point norm topology towards the identity.
Proof. By the above disussion, the indutive system is admissible if there is an
equivariant, ontrative, ompletely positive ross setion A∞ → T˜ (Am, αnm). It is
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not hard to see that suh a ross setion exists if and only if there are maps φm as
in the statement of the lemma. 
2.5. Triangulated funtors and subategories. A triangulated subategory of
a triangulated ategory T is a full subategory T ′ ⊆ T that is losed under suspen-
sions and has the exatness property that if ΣB → C → A→ B is an exat triangle
with A,B ∈ T ′, then C ∈ T ′ as well. In partiular, T ′ is losed under isomorphisms
and nite diret sums. A triangulated subategory is alled thik if all retrats (di-
ret summands) of objets of T ′ belong to T ′. A triangulated subategory is indeed
a triangulated ategory in its own right. Given any lass of objets G, there is a
smallest (thik) triangulated subategory ontaining G. This is alled the (thik)
triangulated subategory generated by G. Sine a full subategory is determined by
its lass of objets, we do not distinguish between full subategories and lasses of
objets.
Let ℵ be some innite regular ardinal number. In our appliations we only use
the ountable ardinal number ℵ0. We suppose that diret sums of ardinality ℵ
exist in T . A subategory of T is alled (ℵ-)loalising if it is triangulated and
losed under diret sums of ardinality ℵ. We an dene the loalising subategory
generated by some lass G of objets as above. We denote it by 〈G〉 or 〈G〉ℵ. Notie
that a triangulated subategory that is losed under diret sums is also losed under
homotopy diret limits. Loalising subategories are automatially thik (see [38℄).
It is easy to see that an ℵ0-loalising subategory of KK
G⋉X
amounts to a
lass N of G⋉X-C∗-algebras with the following properties:
(1) if A and B are KKG⋉X -equivalent and A ∈ N , then B ∈ N ;
(2) N is losed under suspension;
(3) if f : A → B is an equivariant ∗-homomorphism with A,B ∈ N , then also
cone(f) ∈ N ;
(4) if An ∈ N for all n ∈ N, then also
⊕
n∈NAn ∈ N .
We an replae (3) and (4) by the equivalent onditions
(3') if K ֌ E ։ Q is an admissible extension and two of K, E, Q belong to N ,
so does the third;
(4') if (An, α
n
m) is an admissible indutive system with An ∈ N for all n ∈ N, then
lim
−→
An ∈ N as well.
Thus the loalising subategory generated by a lass G of G⋉X-C∗-algebras is
the smallest lass of G ⋉X-C∗-algebras ontaining G with the above four proper-
ties. For example, the loalising subategory of KK generated by ⋆ is exatly the
bootstrap ategory (see [9℄). The proof uses that extensions and indutive systems
of nulear C∗-algebras are automatially admissible. Another example of a loal-
ising subategory of KK is the lass of C∗-algebras with vanishing K-theory. We
disuss these two subategories further in Setion 6 to give an easy appliation of
the Brown Representability Theorem.
Let T and T ′ be triangulated ategories. A funtor F : T → T ′ is alled tri-
angulated if it is additive, intertwines the translation automorphisms, and maps
exat triangles to exat triangles. Although the latter ondition may look like an
exatness ondition, it is almost empty. Sine any exat triangle in KKG⋉X is
isomorphi to a mapping one triangle, a funtor is triangulated one it ommutes
with suspensions and preserves mapping one triangles. For instane, the funtor
A 7→ A ⊗min B has this property regardless of whether B is exat. Similarly, the
full and redued rossed produt funtors KKG⋉X → KK are triangulated. An
analogous situation ours in homologial algebra: any additive funtor between
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Abelian ategories gives rise to a triangulated funtor between the homotopy ate-
gories of hain omplexes. The exatness of the funtor only beomes relevant for
the derived ategory.
Let F : T → T ′ be a triangulated funtor. Its kernel is the lass kerF of all
objets X of T with F (X) ∼= 0. It is easy to see that kerF is a thik triangulated
subategory of T . If F ommutes with diret sums of ardinality ℵ, then kerF is
ℵ-loalising.
2.6. Loalisation of ategories and funtors. A basi (and not quite orret)
result on triangulated ategories asserts that any thik triangulated subategory
N ⊆ T arises as the kernel of a triangulated funtor. Even more, there exists a
universal triangulated funtor T → T /N with kernel N , alled loalisation funtor,
suh that any other funtor whose kernel ontains N fatorises uniquely through
T /N (see [38℄). Its onstrution is quite involved and may fail to work in general
beause the morphism spaes in T /N may turn out to be lasses and not sets.
There are two basi examples of loalisations, whih have motivated the whole
theory of triangulated ategories. They ome from homologial algebra and homo-
topy theory, respetively. In homologial algebra, the ambient ategory T is the
homotopy ategory of hain omplexes over an Abelian ategory. The subategory
N ⊆ T onsists of the exat omplexes, that is, omplexes with vanishing homology.
A hain map is alled a quasi-isomorphism if it indues an isomorphism on homol-
ogy. The loalisation T /N is, by denition, the derived ategory of the underlying
Abelian ategory. One of the motivations for developing the theory of triangulated
ategories was to understand what additional struture of the homotopy ategory
of hain omplexes is inherited by the derived ategory.
In homotopy theory there are several important instanes of loalisations. We
only disuss one very elementary situation whih provides a good analogy for our
treatment of the Baum-Connes assembly map. Let T be the stable homotopy
ategory of all topologial spaes. We all an objet of T weakly ontratible if its
stable homotopy groups vanish. A map is alled a weak homotopy equivalene if it
indues an isomorphism on stable homotopy groups. LetN ⊆ T be the subategory
of weakly ontratible objets. In homotopy theory one often wants to disregard
objets of N , that is, work in the loalisation T /N .
The onepts of a weak equivalene in homotopy theory and of a quasi-iso-
morphism in homologial algebra beome equivalent one formulated in terms of
triangulated ategories: we all a morphism f ∈ T (A,B) an N -weak equivalene or
an N -quasi-isomorphisms if cone(f) ∈ N . Sine N ∈ N if and only if 0→ N is an
N -weak equivalene, the weak equivalenes and N determine eah other uniquely.
A morphism is a weak equivalene if and only if its image in the loalisation
T /N is an isomorphism. This implies several anellation assertions about weak
equivalenes. For instane, if f and g are omposable and two of the three mor-
phisms f , g and f ◦ g are weak equivalenes, so is the third. The loalisation has
the universal property that any funtor out of T , triangulated or not, that maps
N -weak equivalenes to isomorphisms, fatorises uniquely through the loalisation.
In many examples of loalisation, some more struture is present. This is for-
malised in the following denition. In the simpliial approximation example, let
P ⊆ T be the subategory of all objets that have the stable homotopy type of
a CW-omplex, that is, are isomorphi in T to a CW-omplex. The Whitehead
Lemma implies that f : X → Y is a weak homotopy equivalene if and only if
f∗ : T (P,X)→ T (P, Y ) is an isomorphism for all P ∈ P . Similarly, N ∈ N if and
only T (P,N) = 0 for all P ∈ P . Another important fat is that any spae S has
a simpliial approximation. This is just a weak equivalene X˜ → X with X˜ ∈ P .
THE BAUM-CONNES CONJECTURE VIA LOCALISATION OF CATEGORIES 15
In homologial algebra, a similar situation arises if there are enough projetives.
Then one lets P be the subategory of projetive hain omplexes (see [31℄).
Denition 2.8. Let T be a triangulated ategory and let P and N be thik trian-
gulated subategories of T . We all the pair (P ,N ) omplementary if T (P,N) = 0
for all P ∈ P , N ∈ N and if for any A ∈ T there is an exat triangle ΣN → P →
A→ N with P ∈ P , N ∈ N .
We shall only need loalisations in the situation of omplementary subategories.
In this ase, the onstrution of T /N is easier and there is some important (and
well-known) additional struture (see [36℄). We prove some basi results beause
they are important for our treatment of the Baum-Connes assembly map.
Proposition 2.9. Let T be a triangulated ategory and let (P ,N ) be omplemen-
tary thik triangulated subategories of T .
2.9.1. We have N ∈ N if and only if T (P,N) = 0 for all P ∈ P, and P ∈ P if and
only if T (P,N) = 0 for all N ∈ N ; thus P and N determine eah other.
2.9.2. The exat triangle ΣN → P → A→ N with P ∈ P and N ∈ N is uniquely
determined up to isomorphism and depends funtorially on A. In partiular,
its entries dene funtors P : T → P and N : T → N .
2.9.3. The funtors P,N : T → T are triangulated.
2.9.4. The loalisations T /N and T /P exist.
2.9.5. The ompositions P → T → T /N and N → T → T /P are equivalenes of
triangulated ategories.
2.9.6. The funtors P,N : T → T desend to triangulated funtors P : T /N → P
and N : T /P → N , respetively, that are inverse (up to isomorphism) to the
funtors in 2.9.5.
2.9.7. The funtors P : T /N → T and N : T /P → T are left and right adjoint to
the loalisation funtors T → T /N and T → T /P, respetively; that is, we
have natural isomorphisms
T (P (A), B) ∼= T /N (A,B), T (A,N(B)) ∼= T /P(A,B),
for all A,B ∈ T .
Proof. We an exhange the roles of P and N by passing to opposite ategories.
Hene it sues to prove the various assertions about one of them.
By hypothesis, N ∈ N implies T (P,N) = 0 for all P ∈ P . Conversely, suppose
T (P,A) = 0 for all P ∈ P . Let ΣN → P → A → N be an exat triangle with
P ∈ P and N ∈ N . The map P → A vanishes by hypothesis. Lemma 2.2 implies
N ∼= A⊕ Σ−1P . Sine N is thik, A ∈ N . This proves 2.9.1.
Let ΣN → P → A → N and ΣN ′ → P ′ → A′ → N ′ be exat triangles with
P, P ′ ∈ P and N,N ′ ∈ N and let f ∈ T (A,A′). Sine T (P,N ′) = 0, the map
P ′ → A′ indues an isomorphism T (P, P ′) ∼= T (P,A′). Hene there is a unique
and hene natural way to lift the omposite map P → A→ A′ to a map P → P ′.
By the axioms of a triangulated ategory, there exists a morphism of exat triangles
from ΣN → P → A → N to ΣN ′ → P ′ → A′ → N ′ that extends f : A → A′ and
its lifting P (f) : P → P ′. An argument as above shows that there is a unique way
to lift f to a map N → N ′. Thus the morphism of triangles that extends f is
determined uniquely, so that the triangle ΣN → P → A→ N depends funtorially
on A. This proves 2.9.2.
Next we show that P is a triangulated funtor on T . Let ΣB → C → A → B
be an exat triangle. Consider the solid arrows in the diagram in Figure 1. We an
nd objets N ′(C) and P ′(C) of T and the dotted arrows in this diagram so that
all rows and olumns are exat and suh that the diagram ommutes exept for the
square marked with a −, whih anti-ommutes (see [8, Proposition 1.1.11℄). Sine
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Σ2N(B) //

−
ΣN ′(C) //

ΣN(A) //

ΣN(B)

ΣP (B) //

P ′(C) //

P (A) //

P (B)

ΣB //

C //

A //

B

ΣN(B) // N ′(C) // N(A) // N(B)
Figure 1. Exatness of P and N
P and N are triangulated subategories and the rows in this diagram are exat
triangles, we get P ′(C) ∈ P and N ′(C) ∈ N . Hene the olumn over C is as in
the denition of the funtors P and N . Therefore, we an replae this olumn by
the exat triangle ΣN(C) → P (C) → C → N(C). Our proof of 2.9.2 shows that
the rows must be obtained by applying the funtors P and N to the given exat
triangle ΣB → C → A → B. Sine the rows are exat triangles by onstrution,
the funtors P and N preserve exat triangles. They evidently ommute with
suspensions. This proves 2.9.3.
Next we onstrut a andidate T ′ for the loalisation T /N . We let T ′ have the
same objets as T and morphisms T ′(A,B) := T (P (A), P (B)). The identity map
on objets and the map P on morphisms dene a anonial funtor T → T ′. We
dene the suspension on T ′ to be the same as for T . A triangle in T ′ is alled exat
if it is isomorphi to the image of an exat triangle in T . We laim that T ′ with
this additional struture is a triangulated ategory and that the funtor T → T ′ is
the loalisation funtor at N .
The uniqueness of the exat triangle ΣN(A)→ P (A) → A→ N(A) yields that
the natural map P (A) → A is an isomorphism for A ∈ P . Therefore, the map
T (A,B) → T ′(A,B) is an isomorphism for A,B ∈ P . That is, the restrition of
the funtor T → T ′ to P is fully faithful and identies P with a full subategory
of T ′. Moreover, sine P (A) ∈ P , the map P 2(A) → P (A) is an isomorphism.
This implies that the map P (A) → A is mapped to an isomorphism in T ′. Thus
any objet of T ′ is isomorphi to one in the full subategory P . Therefore, the
ategory T ′ is equivalent to the subategory P . Using that P is a triangulated
funtor on T , one shows easily that both funtors P → T ′ and T ′ → P map exat
triangles to exat triangles. They ommute with suspensions anyway. Sine they are
equivalenes of ategories and sine P is a triangulated ategory, the ategory T ′
is triangulated and the equivalene P ∼= T ′ is ompatible with the triangulated
ategory struture.
We dene the funtor P : T ′ → P to be P on objets and the identity on mor-
phisms. This funtor is learly inverse to the above equivalene P → T ′ and has
the property that the omposition T → T ′
P
→ P ⊆ T agrees with P : T → T .
Moreover, we have observed already above that T (P (A), B)) ∼= T (P (A), P (B)) for
all A,B ∈ T . Hene all the remaining assertions follow one we show that T ′ has
the universal property of T /N . It is easy to see that N is equal to the kernel of
T → T ′. If F : T → T ′′ is a triangulated funtor with kernel N , then the maps
P (A) → A indue isomorphisms F (P (A)) → F (A) by Lemma 2.2. Therefore,
T ′
P
→ P ⊆ T
F
→ T ′′ is the required fatorisation of F through T ′. 
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We all the map P (A) → A an N -projetive resolution or a P-simpliial ap-
proximation of A. The rst term omes from homologial algebra, the seond one
from homotopy theory. We prefer the terminology from homotopy theory beause
it gives a more aurate analogy for the Baum-Connes assembly map.
Finally, we onsider the loalisation of funtors. Let F : T → T ′ be a ovariant
triangulated funtor to another triangulated ategory T ′. Then its loalisation or
left derived funtor LF : T /N → T ′ is, in general, dened by a ertain universal
property. In the ase of a omplementary pair of subategories, it is given simply
by LF ∼= F ◦ P . This makes sense for any funtor F , triangulated or not. If F is
triangulated, then so is LF . If F is (o)homologial, then so is LF . Both assertions
follow from Proposition 2.9.3. In the following disussion, we assume F to be
triangulated or homologial.
The funtor LF desends to the ategory T /N and omes equipped with a
natural transformation LF → F whih omes from the natural transformation
P (A) → A. The universal property that haraterises LF is the following. If
F ′ : T /N → T ′ is any funtor together with a natural transformation F ′ → F , then
this natural transformation fatorises uniquely through LF . This fatorisation is
obtained as the omposition
F ′(A)
∼=
← F ′(P (A))→ F (P (A)) ∼= LF (A).
Thus we may view LF as the best approximation to F that fators through T /N .
In partiular, we have LF ∼= F if and only if N ⊆ kerF if and only if F maps
N -weak equivalenes to isomorphisms in T ′.
Alternatively, we may view LF (A) as the best approximation to F (A) that uses
only the restrition of F to P . The simpliial approximation P (A) → A has the
universal property that any map B → A with B ∈ P fators uniquely through
P (A). In this sense, P (A) is the best possible approximation to A inside P and
F (P (A)) is the best guess we an make for F (A) if we want the guess to be of the
form F (B) for some B ∈ P .
We an also use the funtor N : T /P → T to dene an obstrution funtor
ObsF := F ◦ N . It omes equipped with a natural transformation F → ObsF .
Proposition 2.9.2 shows that if the funtor F is triangulated then LF , F and ObsF
are related by a natural exat triangle
ΣObsF (A)→ LF (A)→ F (A)→ ObsF (A).
Thus ObsF (A) measures the lak of invertibility of the map LF (A) → F (A). In
partiular, ObsF (A) = 0 if and only if LF (A) ∼= F (A). Similar remarks apply if F
is homologial. In that ase, the funtors LF , F and ObsF are related by a long
exat sequene.
3. Preliminaries on ompat subgroups and some funtors
We rst reall some strutural results about ompat subgroups in loally om-
pat groups. Then we reall the well-known formal properties of tensor produt,
restrition and indution funtors. We disuss them in some detail beause they
are frequently used. We apply the universal property of KK-theory to treat them.
This has the advantage that proofs do not require the denition of KK.
3.1. Compat subgroups. Let G be a loally ompat group. Let G0 ⊆ G be
the onneted omponent of the identity element. We all G almost totally dis-
onneted if G0 is ompat, and almost onneted if G/G0 is ompat. If G is
almost totally disonneted, then G ontains a ompat open subgroup (and vie
versa) by [21, Theorem 7.5℄. Therefore, if G is arbitrary, then there exists an open
almost onneted subgroup U ⊆ G: take the preimage of a ompat open subgroup
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in G/G0. Almost onneted groups are very losely related to Lie groups (with
nitely many onneted omponents) by [35℄: if U is almost onneted, then eah
neighbourhood of the identity element ontains a ompat normal subgroup N ⊆ U
suh that U/N is a Lie group (the smooth struture on U/N is unique if it exists).
Let U be almost onneted and let K ⊆ U be maximal ompat. We reall
some strutural results about U/K from [1℄. Let k ⊆ u be the Lie algebras of K
and U , respetively, and let p := u/k. This quotient is a nite dimensional R-vetor
spae, on whih K ats linearly by onjugation. There exists a K-equivariant
homeomorphism U/K ∼= p. Thus U/K as a K-spae is homeomorphi to a linear
ation of K on a real vetor spae. This fat is ruial for our purposes. Moreover,
Abels shows in [1℄ that U/K is a universal proper U -spae. This ontains the
assertion that any ompat subgroup of U is subonjugate to K (beause it xes a
point in U/K). Espeially, any two maximal ompat subgroups are onjugate.
We dene some lasses of speial ompat subgroups that we shall use later.
Let H ⊆ G be a ompat subgroup. We all H strongly smooth if its normaliser
NGH ⊆ G is open in G and NGH/H is a Lie group. We all H smooth if it ontains
a strongly smooth subgroup of G. Finally, we allH large if it is a maximal ompat
subgroup of some open almost onneted subgroup of G. We let LC = LC(G) be
the set of large ompat subgroups of G.
Of ourse, strongly smooth subgroups are smooth. Large subgroups are also
smooth beause if L ⊆ U is maximal ompat and N ⊆ U is a smooth, ompat
normal subgroup, then NL is a ompat subgroup as well by normality. Hene
N ⊆ L by maximality.
Lemma 3.1. Any ompat subgroup of G is ontained in a large ompat subgroup.
If H ⊆ G is a large ompat subgroup, then the open almost onneted subgroup
U ⊆ G in whih H is maximal is unique and denoted by UH .
Suppose H,L ∈ LC satisfy H ⊆ L. Then H = UH ∩ L, so that H is open in L.
The natural map UH/H → UL/L is a homeomorphism.
If H ⊆ G is smooth, then the homogeneous spae G/H is a smooth manifold in
a anonial way.
Proof. We laim that any ompat subgroup H of a totally disonneted group G is
ontained in a ompat open one. Let U ⊆ G be any ompat open subgroup. Then
H ∩ U has nite index in H . Therefore, U ′ :=
⋂
h∈H hUh
−1
is again a ompat
open subgroup of G. By onstrution, it is normalised by H , so that HU ′ is again a
subgroup. It is ompat and open and ontains H . Sine HU ′ is almost onneted,
H is ontained in some maximal ompat subgroup of HU ′. This yields the rst
assertion.
SupposeH is maximal ompat in the open almost onneted subgroups U and V
of G. We laim that U = V . Sine H is still maximal ompat in U ∩ V , we may
assume that U ⊆ V . Hene V/H is a disjoint union of U : V opies of U/H .
However, V/H is homeomorphi to a vetor spae and therefore onneted, foring
U = V . Let H and L be large ompat subgroups of G that satisfy H ⊆ L. Then
H ⊆ UH ∩ L ⊆ UH , so that H = UH ∩ L by maximality. Hene the natural map
UH/H → UL/L is injetive. Its image is both open and losed and hene must be
all of UL/L by onnetedness.
Let H ⊆ G be smooth. Then we an nd an almost onneted open subgroup
U ⊆ G that ontains H and a subgroup N ⊆ H that is normal in U suh that
U/N is a Lie group. Write G/N as a disjoint union of opies of the Lie group
U/N . This reveals that G/H is a disjoint union of opies of the homogeneous spae
(U/N)/(H/N) and hene a smooth manifold in a anonial way. 
THE BAUM-CONNES CONJECTURE VIA LOCALISATION OF CATEGORIES 19
3.2. Funtors on Kasparov ategories. The (minimal) C∗-tensor produt gives
rise to bifuntors
KKG⋉X ×KKG → KKG⋉X , (A,B) 7→ A⊗B,
KKG⋉X ×KKG⋉X → KKG⋉X , (A,B) 7→ A⊗X B,
see [28, Denition 2.12 and Proposition 2.21℄. We briey reall how A⊗X B looks
like. If A,B ∈ KKG⋉X , then A⊗ B is a G⋉ (X ×X)-C∗-algebra, and A⊗X B is
dened as its restrition to the diagonal. That is, we divide out elements of the
form f · a with f ∈ C0(X ×X), f(x, x) = 0 for all x ∈ X , a ∈ A ⊗X B. See also
[28, Denition 1.6℄.
The full and redued desent funtors KKG⋉X → KK are dened in [28, page
170173℄. On objets, they at by A 7→ (G⋉X)⋉A and A 7→ (G ⋉X)⋉r A. We
remark that the spae X has no eet here, that is, (G ⋉ X) ⋉ A = G ⋉ A and
(G⋉X)⋉r A = G⋉r A (see also [15℄).
Let H ⊆ G be a losed subgroup. Then we have funtors
ResHG : KK
G⋉X → KKH⋉X ,
IndGH : KK
H⋉X → KKG⋉X ,
alled restrition and indution, respetively. The restrition funtor is a speial
ase of the funtoriality of KKG⋉X in G: any group homomorphismH → G indues
a funtor KKG⋉X → KKH⋉X by [28, Denition 3.1℄. The indution funtor is
introdued in [28, Setion 3.6℄, see also [11℄.
Finally, a G-equivariant ontinuous map f : X → Y indues funtors
f∗ : KK
G⋉X → KKG⋉Y ,
f∗ : KKH⋉Y → KKG⋉X .
The funtor f∗ is just a forgetful funtor: to view a G ⋉ X-C
∗
-algebra A as a
G ⋉ Y -C∗-algebra, ompose f∗ : C0(Y ) → Cb(X) and the anonial extension of
the strutural homomorphism Cb(X) → ZM(A). The funtor f∗ is dened on
objets by f∗(A) := C0(X) ⊗Y A. Clearly, id∗ ∼= id, id
∗ ∼= id and f∗g∗ ∼= (fg)∗,
g∗f∗ ∼= (fg)∗ if f and g are omposable.
Nowadays, we an treat these funtors muh more easily than in [28℄ using the
universal property of Kasparov theory. In the non-equivariant ase, Nigel Higson
has shown that the funtor from C∗-algebras to KK is the universal split exat
stable homotopy funtor, that is, any funtor from C∗-algebras to some ategory
with these properties fators uniquely through KK. This result has been extended
by Klaus Thomsen to the equivariant ase and also works G ⋉ X-equivariantly
by [34℄. The above funtors on KK-ategories all ome from funtors F between
ategories of C∗-algebras, whih are muh easier to desribe.
Let F be a funtor from G⋉X-C∗-algebras to H⋉Y -C∗-algebras. The relevant
funtors F satisfy F (A ⊗ B) ≈ F (A) ⊗ B for any nulear C∗-algebra B equipped
with the trivial representation of G (reall that ≈ denotes isomorphism of G⋉X-
C∗-algebras). This implies immediately that F is stable and homotopy invariant
and ommutes with suspensions. Suppose, in addition, that F maps extensions
with a ompletely positive, ontrative, G-equivariant linear setion again to suh
extensions. This is the ase in the above examples. By the universal property, F
indues a funtor KKG⋉X → KKH⋉Y . Our mild exatness hypothesis guarantees
that F maps mapping one triangles again to mapping one triangles. This sues
to onlude that we have got a triangulated funtor. This argument provides a
very quik existene proof for the funtors above and also shows that they are
triangulated. It is also easy to hek that they ommute with ountable diret
sums on KKG⋉X (reall that diret sums in KKG⋉X are just C∗-diret sums).
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Green's Imprimitivity Theorem and its redued version assert that
(9) G⋉ IndGH(A) ∼M H ⋉A, G⋉r Ind
G
H(A) ∼M H ⋉r A.
The funtors f∗ and f
∗
are ompatible with ⊗ (without X) in the evident sense:
f∗(A⊗B) ∼= f∗(A)⊗B, f
∗(A⊗B) ∼= f∗(A)⊗B. We have a naturalG⋉Y -equivariant
isomorphism
(10) f∗(A) ⊗Y B ≈ f∗
(
A⊗X f
∗(B)
)
for f : X → Y and A ∈ KKG⋉X , B ∈ KKG⋉Y beause ⊗X is assoiative and
A⊗X C0(X) ≈ A. Equation (10) asserts for the onstant map pX : X → ⋆ that
(11) A⊗X p
∗
X(B) ≈ A⊗B.
The isomorphisms in (10) and (11) are natural, even in the formal sense. For (11),
naturality means that the isomorphisms intertwine
x⊗X p
∗
X(y) ∈ KK
G(A⊗X p
∗
XB,A
′⊗X p
∗
XB
′) and x⊗ y ∈ KKG(A⊗B,A′⊗B′)
if x ∈ KKG(A,A′), y ∈ KKG(B,B′). By the universal property of KK, it sues to
verify this in the (easy) speial ase where x and y are ordinary ∗-homomorphisms;
the general ase then follows beause two funtors agree on KK one they agree for
ordinary ∗-homomorphisms. All the isomorphisms that follow are also natural in
this sense, for the same reason.
There are obvious ompatibility onditions
(12) ResHG (A⊗(X) B) ≈ Res
H
G (A)⊗(X) Res
H
G (B),
where we write ⊗(X) for either ⊗X or ⊗, and
(13) IndGH ◦f∗ ≈ f∗ ◦ Ind
G
H , Res
H
G ◦f∗ ≈ f∗ ◦ Res
H
G , Res
H
G ◦f
∗ ≈ f∗ ◦ ResHG ,
beause in eah ase one of the funtors is a forgetful funtor. The relation
IndGH ◦f
∗ ≈ f∗ ◦ IndGH also holds. The easiest way to prove this isomorphism
and many others is to replae IndGH by a forgetful funtor as follows.
The groupoid G ⋉ (G/H × X) is Morita equivalent to H ⋉ X . Therefore, the
ategories of H⋉X-C∗-algebras and of G⋉ (G/H×X)-C∗-algebras are equivalent.
We may view indution as a funtor between these two ategories. This is an
equivalene of ategories. Its inverse simply restrits a G⋉ (G/H ×X)-C∗-algebra
to {H} ×X ⊆ G/H ×X . By the universal property of KK, these funtors indue
an equivalene of ategories KKG⋉(G/H×X) ∼= KKH⋉X (see also [32℄).
Let πX : G/H×X → X be the projetion. When we reinterpret Ind
G
H and Res
H
G
as funtors between KKG⋉X and KKG⋉(G/H×X), we get
(14) IndGH ≈ πX,∗, Res
H
G ≈ π
∗
X .
This is useful for understanding the formal properties of these funtors. Using the
properties of f∗ and f
∗
shown above we get
IndGH ◦f
∗ ≈ f∗ ◦ IndGH ,(15)
(IndGH A)⊗(X) B ≈ Ind
G
H(A⊗(X) Res
H
G B)(16)
IndGH ◦Res
H
G (A) ≈ C0(G/H)⊗A.(17)
Our next goal is to prove the adjointness relation
(18) KKG⋉X(f∗(A), B) ∼= KKG⋉Y (A, f∗(B))
for a proper ontinuous G-map f : X → Y , A ∈ KKG⋉Y , B ∈ KKG⋉X . Experts
on KK-theory an verify (18) easily by showing that both sides are dened by
equivalent lasses of yles. Category theorists may prefer the following argument,
whih requires no knowledge of KK exept the existene of f∗ and f
∗
as funtors
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on KK. Let f : X → Y be a ontinuous G-map. Let B be a G ⋉ X-C∗-algebra.
There is a natural homomorphism
πB : f
∗f∗(B) ∼= C0(X)⊗Y B → C0(X)⊗X B ∼= B.
Let A be a G⋉ Y -C∗-algebra. We have a natural map ιA from A to the multiplier
algebra of f∗(A) = f∗f
∗(A), whih sends a 7→ 1⊗ a ∈ Cb(X)⊗Y A or, equivalently,
h · a 7→ h ⊗Y a for h ∈ C0(Y ), a ∈ A. The seond desription shows that we have
a map ιA : A→ f∗f∗(A) if f is proper. The omposite maps
f∗(A)
f∗(ιA)
−→ f∗
(
f∗f
∗(A)
)
= f∗f∗
(
f∗A)
πf∗(A)
−→ f∗A,
f∗(B)
ιf∗B−→ f∗f
∗(f∗B) = f∗(f
∗f∗B)
f∗(πB)
−→ f∗(B)
are the identity. Thus the maps πB and ιA form (o)units of adjuntion between
the funtors f∗ and f∗ (see [33℄ for this notion). This holds regardless of whether
we use homomorphism or KK-morphisms. Thus we get the desired adjointness
relation (18) and a orresponding statement about equivariant ∗-homomorphisms.
Combining (18) with (14), we get a Frobenius reiproity isomorphism
(19) KKG⋉X(A, IndGH B)
∼= KKH⋉X(ResHG A,B)
if H ⊆ G is a oompat losed subgroup and A ∈ KKG⋉X , B ∈ KKH⋉X . Dually,
there is a natural isomorphism
(20) KKG⋉X(IndGU A,B)
∼= KKU⋉X(A,ResUGB)
for an open subgroup U ⊆ G. This an also be proven by writing down expli-
itly the units of adjuntion. We an deompose ResUG Ind
G
U (A) as a diret sum
of U ⋉ X-C∗-algebras over the disrete spae of double osets G//U . The sum-
mand for the identity oset an be identied with A, so that we get a natural map
ιA : A→ Res
U
G Ind
G
U (A). We an represent C0(G/U) on the Hilbert spae ℓ
2(G/U)
by multipliation operators. Sine U is open in G, this maps C0(G/U) into the
C∗-algebra of ompat operators K(ℓ2(G/U)). Hene we get a natural morphism
IndGU Res
U
G(B) ≈ C0(G/U)⊗B → K(ℓ
2(G/U))⊗B ∼M B
for B ∈ KKG⋉X . This denes an element πB ∈ KK
G⋉X(IndGU Res
U
G(B), B) be-
ause KK is stable. One veries easily that the morphisms πB and ιA are units of
adjuntion, so that we get (20).
After these purely formal manipulations of funtors, we now ome to a muh
deeper assertion, whih is due to Gennadi Kasparov.
Proposition 3.2 ([28, Theorem 5.8℄). Let G be almost onneted and let H ⊆ G
be a maximal ompat subgroup. If one of X, A and B is a proper G-spae or a
proper G-C∗-algebra, then
(21) ResHG : KK
G⋉X(A,B)→ KKH⋉X(ResHG A,Res
H
G B)
is an isomorphism.
Lemma 3.3. Let H ⊆ G be a large ompat subgroup and let U := UH . There is
a natural isomorphism
(22) KKG⋉X(IndGH A,B)
∼= KKH⋉X(ResHU Ind
U
H A,Res
H
G B).
Dene JGH(A) := Ind
G
H(C0((U/H)
7)⊗A). Then there is a natural isomorphism
KKG⋉X(JGHA,B)
∼= KKH⋉X(A,ResHG B)
if A belongs to the essential range of the funtor ResHU . Furthermore, the funtors
ResHU : KK
U⋉X → KKH⋉X , ResHU Ind
U
H : KK
H⋉X → KKH⋉X ,
have the same essential range.
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The essential range of a funtor F : C→ C′ is dened as the lass of all objets
of C′ that are isomorphi to an objet of the form F (X) with X an objet of C.
Proof. Indution in stages and (20) yield
KKG⋉X(IndGH A,B)
∼= KKU⋉X(IndUH A,Res
U
GB).
Sine IndUH A is proper, Proposition 3.2 yields (22). Let us abbreviate R := Res
H
U
and I := IndUH . If A belongs to the essential range of R, then RI(A)
∼= C0(U/H)⊗A
by (17). Reall that U/H is H-equivariantly dieomorphi to a real vetor spae
with a linear ation of H . Hene Bott periodiity provides a KKH -equivalene
between (RI)8(A) ∼= C0((U/H)8)⊗ A and A. This yields the seond isomorphism
and shows that the essential range of R is ontained in the essential range of RI.
The onverse inlusion is trivial. 
Hene IndGH and Res
H
G for a large ompat subgroup H ⊆ G beome adjoint
funtors if we replae KKH⋉X by the essential range of ResHU . There is no analogue
of this for arbitrary ompat subgroups.
4. A deomposition of the Kasparov ategory
Denition 4.1. We all A ∈ KKG⋉X weakly ontratible if ResHG (A)
∼= 0 for all
ompat subgroups H ⊆ G. Let CC ⊆ KKG⋉X be the full subategory of weakly
ontratible objets.
A morphism f in KKG⋉X(A,B) is alled a weak equivalene if ResHG (f) is in-
vertible in KKH⋉X for all ompat subgroups H ⊆ G. We say that f vanishes for
ompat subgroups if ResHG (f) = 0 for all ompat subgroups H ⊆ G.
We all a G ⋉ X-C∗-algebra ompatly indued if it is isomorphi in KKG⋉X
to IndGH(A) for some ompat subgroup H ⊆ G and some A ∈ KK
H⋉X
. We let
CI ⊆ KKG⋉X be the full subategory of ompatly indued objets.
In all these denitions, it sues to onsider large ompat subgroups beause
any ompat subgroup is ontained in a large one by Lemma 3.1. Our next goal
is to prove that (〈CI〉, CC) is a omplementary pair of loalising subategories of
KKG⋉X , so that we an apply Proposition 2.9.
Lemma 4.2. The subategories CC and 〈CI〉 of KKG⋉X are loalising.
The subategories CC, CI and 〈CI〉 are losed under tensor produts with arbi-
trary objets of KKG and KKG⋉X .
Proof. Sine the funtor ResHG is triangulated and ommutes with diret sums, its
kernel is loalising. Hene CC is loalising as an intersetion of loalising subate-
gories. The subategory 〈CI〉 is loalising by onstrution. The subategories CC
and CI are losed under tensor produts beause of the ompatibility of restri-
tion and indution with tensor produts disussed in Setion 3. Sine the funtor
xy ⊗(X) B is triangulated and ommutes with diret sums, it leaves 〈CI〉 invariant
as well. 
Lemma 4.3. A morphism in KKG⋉X is a weak equivalene if and only if its
mapping one is weakly ontratible.
Proof. Sine the funtor ResHG is triangulated, it maps an exat triangle ΣB → C →
A
f
→ B again to an exat triangle. Lemma 2.2 implies that ResHG f is invertible if
and only if ResHG C
∼= 0. 
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Proposition 4.4. An objet N of KKG⋉X is weakly ontratible if and only if
KKG⋉X(P,N) ∼= 0 for all P ∈ CI.
A morphism f ∈ KKG⋉X(A,B) is a weak equivalene if and only if it indues
an isomorphism f∗ : KK
G⋉X(P,A)→ KKG⋉X(P,B) for all P ∈ CI.
A morphism f ∈ KKG⋉X(A,B) vanishes for ompat subgroups if and only if it
indues the zero map f∗ : KK
G⋉X(P,A)→ KKG⋉X(P,B) for all P ∈ CI.
In the rst two assertions, we an replae CI by 〈CI〉.
Proof. Let H ∈ LC be maximal ompat and let U := UH . Let P = Ind
G
H A
for some A ∈ KKH⋉X . Any objet of CI is of this form for some H , A by
Lemma 3.1. We use (22) to rewrite KKG⋉X(P,N) ∼= KKH⋉X(A′,ResHG N) with
A′ := ResHU Ind
U
H A. If Res
H
G N
∼= 0, then the right hand side vanishes, so that
KKG⋉X(P,N) = 0. Conversely, if KKG⋉X(P,N) = 0 for all P ∈ CI, then
KKH⋉X(ResHG N,Res
H
G N) = 0 and hene Res
H
G N = 0. We have used that Res
H
G N
belongs to the essential range of ResHU Ind
U
H by Lemma 3.3. This proves the
rst assertion. We an enlarge CI to 〈CI〉 beause the lass of objets P with
KKG⋉X(P,N) = 0 for all N ∈ CC is loalising. The remaining assertions are
proven similarly. 
Denition 4.5. A CI-simpliial approximation of A ∈ KKG⋉X is a weak equiva-
lene A˜→ A with A˜ ∈ 〈CI〉. A CI-simpliial approximation of C0(X) is also alled
a Dira morphism for G⋉X .
Proposition 4.6. A Dira morphism exists for any G⋉X.
The existene of a Dira morphism is the main tehnial result needed for our
approah to the Baum-Connes onjeture. Logially, we should now prove the exis-
tene of the Dira morphism (we postpone this until Setion 6) and then ompute
the loalisation KKG⋉X/CC (we do this in Setion 7) before we dare to loalise
the funtor K∗(G ⋉r xy). Instead, we head for the Baum-Connes assembly map as
quikly as possible.
The following theorem uses the notation of Proposition 2.9.
Theorem 4.7. The loalising subategories 〈CI〉, CC of KKG⋉X are omplemen-
tary. Let D ∈ KKG⋉X(P, C0(X)) be a Dira morphism for G ⋉ X and form the
exat triangle
(23) ΣN→ P
D
→ C0(X)→ N.
Then P (A) ∼= P⊗X A and N(A) ∼= N⊗X A naturally for all A ∈ KK
G⋉X
, and the
natural transformations ΣN(A) → P (A) → A → N(A) are indued by the maps
in (23). We have A ∈ 〈CI〉 if and only if KKG⋉X(A,B) = 0 for all B ∈ CC if and
only if P⊗X A ∼= A; and B ∈ CC if and only if KK
G⋉X(A,B) = 0 for all A ∈ 〈CI〉
if and only if P⊗X B ∼= 0. In partiular, P⊗X P ∼= P.
Proof. Sine D is a weak equivalene, N is weakly ontratible by Lemma 4.3.
The tensor produt of (23) with A is another exat triangle beause xy ⊗X A is
a triangulated funtor. Sine CC and 〈CI〉 are losed under tensor produts by
Lemma 4.2, we get an exat triangle as in the denition of a omplementary pair
of subategories in Setion 2.6. This yields the assertions in the rst paragraph.
Those in the seond paragraph follow from Proposition 2.9. 
Denition 4.8. An exat triangle as in (23) is alled a Dira triangle.
Using Proposition 2.9.7, we an now ompute loalisations and obstrution fun-
tors from a Dira triangle. The morphisms in KKG/CC are given by
KKG⋉X/CC(A,B) ∼= KKG⋉X(P⊗X A,B).
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The loalisation and the obstrution funtor of a funtor F : KKG⋉X → C are
LF (A) ∼= F (P⊗X A), ObsF (A) ∼= F (N⊗X A),
and the natural transformations LF (A) → F (A) → ObsF (A) are indued by the
maps P→ ⋆→ N in the Dira triangle.
We are partiularly interested in the funtor
KKG⋉X → KK, A 7→ (G⋉X)⋉r A.
We denote its loalisation and obstrution funtor by A 7→ (G ⋉ X) ⋉Lr A and
A 7→ (G⋉r X)⋉Obsr A, respetively.
5. The Baum-Connes assembly map
We now relate our analysis of KKG⋉X to the Baum-Connes assembly map. Sine
we onsider transformation groups G⋉X , we rst have to do some work related to
the spae X . Jérme Chabert, Siegfried Ehterho and Hervé Oyono-Oyono show
in [15℄ that there is a ommutative diagram
Ktop∗ (G⋉X,A)
µA //
∼=

K∗((G⋉X)⋉r A)
∼=

Ktop∗ (G,A)
µA // K∗(G⋉r A).
That is, the Baum-Connes assembly map just ignores the spae X . We need a
similar result in our setup.
Lemma 5.1. The funtor p∗X : KK
G → KKG⋉X maps CC, CI, 〈CI〉 ⊆ KKG to the
orresponding subategories in KKG⋉X . If f ∈ KKG(A,B) is a weak equivalene
or vanishes for ompat subgroups, so does p∗X(f). If D ∈ KK
G(P, ⋆) is a Dira
morphism for G, then p∗X(D) ∈ KK
G⋉X(C0(X,P), C0(X)) is a Dira morphism for
G⋉X. There are natural isomorphisms
(G⋉X)⋉Lr A
∼= G⋉Lr A, (G⋉X)⋉
Obs
r A
∼= G⋉Obsr A.
Proof. Reall from Setion 3 that the funtor p∗X is ompatible with restrition
and indution. This implies p∗X(CC) ⊆ CC and p
∗
X(CI) ⊆ CI. The same holds for
〈CI〉 beause p∗X is triangulated and ommutes with diret sums. This implies the
assertions about weak equivalenes and Dira morphisms. Now (11) yields
(G⋉X)⋉Lr A
∼= (G⋉X)⋉r (p
∗
X(P)⊗X A) ≈ G⋉r (P⊗A)
∼= G⋉Lr A.
For the same reason, (G⋉X)⋉Obsr A
∼= G⋉Obsr A. 
For our purposes, we do not need the details of the standard denition of the
Baum-Connes onjeture. We only need to know the following two fats: the
Baum-Connes onjeture holds for ompatly indued oeient algebras (see [11℄),
and weak equivalenes indue isomorphisms on Ktop∗ (G, xy) (see [16℄). This seond
assertion also follows immediately from the denition of Ktop∗ and Corollary 7.2
below. Thus the only substantial result about the standard denition of the Baum-
Connes onjeture that we have to import is that it holds for ompatly indued
oeient algebras.
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Theorem 5.2. Let A˜ → A be a CI-simpliial approximation of A ∈ KKG⋉X .
Then the indiated maps in the ommutative diagram
Ktop∗ (G⋉X, A˜)
∼= //
µA˜∼=

Ktop∗ (G⋉X,A)
µA

K∗((G⋉X)⋉r A˜) // K∗((G⋉X)⋉r A)
are isomorphisms. Hene the Baum-Connes assembly map is naturally isomorphi
to the anonial map K∗((G⋉X)⋉
L
r A)→ K∗((G⋉X)⋉rA). It is an isomorphism
if and only if K∗((G ⋉X)⋉
Obs
r A)
∼= 0.
Proof. Lemma 5.1 shows that we may assume without loss of generality that X = ⋆.
The left vertial map is the assembly map for the oeient algebra A˜. Sine
Ktop∗ (G, xy) is a homologial funtor that ommutes with diret sums, the lass of
oeient algebras B for whih µB is an isomorphism is a loalising subategory of
KKG. Therefore, the Baum-Connes onjeture holds for all oeient algebras in
〈CI〉 beause it holds for ompatly indued oeient algebras by [11℄. As a result,
the left vertial map in our diagram is an isomorphism. It is shown in [16℄ that
weak equivalenes indue isomorphisms on Ktop∗ (G, xy). Hene the top horizontal
map is an isomorphism as well. 
Therefore, it is legitimate to view the map LF (A) → F (A) for a ovariant
funtor F dened on KKG as an assembly map for F (A).
As we explained in Setion 2.6, there are two pitures of LF (A): either as the
best possible approximation to F (A) that vanishes on CC or as the best possible
approximation to F (A) that only uses the values F (B) for B ∈ 〈CI〉. In partiular,
the map LF (A) → F (A) is an isomorphism for all A ∈ KKG⋉X if and only if
F |CC = 0. As we remarked in the introdution, this yields an equivalent, elementary
formulation of the Baum-Connes onjeture when applied to K∗(G⋉r A).
Alain Connes has asked reently whether it is possible to improve upon the
Baum-Connes onjeture, nding better approximations to K∗(G ⋉r A). Like the
approahes in [35,18℄, our onstrution of the assembly map is suiently exible
to say something about this, though our answer may not be very satisfatory. The
Baum-Connes onjeture asserts that the objets of 〈CI〉 are general enough to
predit everything that happens in the K-theory of redued rossed produts. If
it fails, this means that there are some phenomena in K∗(G ⋉r A) that do not
yet our for A ∈ 〈CI〉. To get a better onjeture, we have to add some of the
oeient algebras for whih Baum-Connes fails to CI. Then the general mahinery
of loalisation yields again a best possible approximation to K∗(G ⋉r A) based on
what happens for oeients in 〈CI ′〉. The new onjeture expresses K∗(G ⋉r A)
for arbitrary A in terms of K∗(G ⋉r A) for A ∈ CI
′
. However, suh a redution of
the problem is only as good as our understanding of what happens for A ∈ CI ′. At
the moment, it does not seem that we have a suient understanding of the failure
of the Baum-Connes onjeture to make any progress in this diretion.
6. The Brown Representability Theorem and the Dira morphism
Reall that a morphism D ∈ KKG(P, ⋆) is a weak equivalene if and only if
the indued map KKG(A,P) → KKG(A, ⋆) is an isomorphism for all A ∈ 〈CI〉.
Sine P is supposed to lie in the same subategory 〈CI〉, the Dira morphism exists
if and only if the funtor A 7→ KKG(A, ⋆) on the ategory 〈CI〉 is representable.
In the lassial ase of simpliial approximation of arbitrary topologial spaes by
simpliial omplexes, one an either write down expliitly suh a representing objet
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or appeal to the Brown Representability Theorem. We shall prove the existene of
the Dira morphism using the seond method.
There are several representability theorems for triangulated ategories that use
dierent hypotheses. It seems that none of them applies diretly to the ategory
〈CI〉 that we need. To irumvent this, we hoose a smaller set of generators
CI0 ⊆ CI whih is small enough so that a general representability theorem is
available in 〈CI0〉 and large enough so that the representing objet in 〈CI0〉 atually
represents the funtor on the whole of 〈CI〉. A byprodut of this proof tehnique
is that we get P ∈ 〈CI0〉. This is used in Setion 9.
Sine KKG only has ountable diret sums, we have to do some ardinality
bookkeeping. Let T be a triangulated ategory and let ℵ be an innite regular
ardinal number. We will only need the ountable ardinal number ℵ0. We suppose
that T has diret sums of ardinality ℵ.
Reall that Ab denotes the ategory of Abelian groups. A ontravariant funtor
F : T → Ab is alled representable if it is isomorphi to X 7→ T (X,Y ) for some
Y ∈ T . Representable funtors are ohomologial and ompatible with diret sums
of ardinality ℵ. We now formulate onditions on T that ensure that these neessary
onditions plus an extra ardinality hypothesis are also suient.
An objet X ∈ T is alled ℵ-ompat if T (X,Y ) has ardinality at most ℵ for
all Y ∈ T and the ovariant funtor T (X, xy) is ompatible with diret sums of
ardinality ℵ. The reader who onsults [38℄ on diret sums and representability
should beware that our notation diers slightly. The axiom (TR5ℵ) and the notion
of ℵ-ompatness in [38℄ deal with diret sums of ardinality stritly less than ℵ.
Theorem 6.1. Let ℵ be an innite regular ardinal number and let T be a triangu-
lated ategory with diret sums of ardinality ℵ. Let G be a set of ℵ-ompat objets
of T with |G| ≤ ℵ. Suppose that T (X,Y ) = 0 for all X ∈ G already implies Y = 0.
Let F : T → Ab be an additive, ontravariant funtor.
Then F is representable if and only if it satises the following onditions:
(i) F is ohomologial;
(ii) F is ompatible with ℵ-diret sums;
(iii) F (C) has ardinality at most ℵ for all C ∈ G.
Moreover, the hypothesis that T (X,Y ) = 0 for all X ∈ G implies Y = 0 an be
replaed by the hypothesis that T = 〈G〉ℵ.
Proof. The onditions (i)(iii) are learly neessary. The interesting assertion is
that they are also suient. If we leave out the ardinality restrition ℵ, this is
proven by Neeman in [37℄, and it also follows from [38, Theorem 8.3.3℄. Sine we
do not have diret sums of arbitrary ardinality in T , we have to hek that the
proof does not require diret sums of ardinality stritly greater than ℵ. This is
indeed the ase, as the determined reader may hek for himself. It turns out that
the largest sums we need have ardinality at most N × ℵ × ℵ. This is dominated
by ℵ beause ℵ is a regular ardinal. 
6.1. Constrution of Dira morphisms. Now we introdue a subategory of
〈CI〉 with a hand-seleted set of generators CI0. Let H ∈ LC and let U := UH as
in Lemma 3.1. We dene JGH as in Lemma 3.3 and let
(24) RH := J
G
H(⋆) = Ind
G
H C0
(
(U/H)7
)
∼= C0(G×H (U/H)
7).
This ompatly indued G-C∗-algebra satises
(25) KKG(RH , B) ∼= KK
H(⋆,B) ∼= K(H ⋉B).
by Lemma 3.3. Equation (25) says that RH (o)represents the ovariant funtor
K(H⋉xy) and thus determines RH uniquely up to KK
G
-equivalene. Equation (24)
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merely is a onvenient hoie of representing objet. For an arbitrary ompat
subgroup, the funtor K(H ⋉ xy) may fail to be representable. This is why we work
with large ompat subgroups.
If H,H ′ ⊆ U are two maximal ompat subgroups, they are onjugate in U
by Lemma 3.1, so that the G-C∗-algebras RH and RH′ are isomorphi. Hene it
sues to hoose one maximal ompat subgroup in eah almost onneted open
subgroup. We let CI0 be the set of RH for the hosen subgroups H .
Lemma 6.2. The set CI0 is (at most) ountable and onsists of ℵ0-ompat objets
of KKG, where ℵ0 denotes the ountable ardinal.
Proof. It is well-known that K∗(A) is ountable if A is a separable C
∗
-algebra and
that K-theory for C∗-algebras ommutes with diret sums ([9℄). Hene (25) implies
that KKG(RH , B) is ountable for eah B ∈ KK
G
and that KKG(RH , xy) ommutes
with ountable diret sums. That is, CI0 onsists of ℵ0-ompat objets. Sine
the objets of CI0 are in bijetion with the almost onneted open subgroups of G,
it remains to prove that there are at most ountably many suh subgroups. Let
G0 ⊆ G be the onneted omponent of the identity element. The open almost
onneted subgroups of G are in bijetion with the ompat open subgroups of
G/G0. Sine the latter group is seond ountable as a topologial spae, even the
set of all ompat open subsets of G/G0 is ountable. 
Corollary 6.3. For any B ∈ KKG, there is B˜ ∈ 〈CI0〉 and f ∈ KK
G(B˜, B) suh
that f∗ : KK
G(A, B˜)→ KKG(A,B) is an isomorphism for all A ∈ 〈CI0〉.
Proof. Lemma 6.2 implies that the ategory 〈CI0〉 with generating set CI0 satises
the onditions of Theorem 6.1. The funtor F (A) := KKG(A,B) fulls the nees-
sary and suient onditions for representability beause it is already represented
on the larger ategory KKG. Hene it is representable on 〈CI0〉. 
We an now prove the existene of the Dira morphism.
Proof of Proposition 4.6. We may assume X = ⋆ by Lemma 5.1. Corollary 6.3 for
B = ⋆ yields D ∈ KKG(P, ⋆) with P ∈ 〈CI0〉 ⊆ 〈CI〉. We laim that D is a weak
equivalene. Any ompat subgroup H ⊆ G is subonjugate to a subgroup L ⊆ G
with RL ∈ CI0 by Lemma 3.1. Hene it sues to prove that Res
L
G(D) is invertible
for those L. By onstrution of D, it indues an isomorphism on KKG∗ (RL, xy).
Equation (25) yields that D indues an isomorphism KKL(⋆,P) → KKL(⋆, ⋆). To
hek that D is an isomorphism in KKL, it sues to hek that D indues an
isomorphism KKL(P,P) → KKL(P, ⋆) as well. Sine P ∈ 〈CI0〉, this follows if we
have isomorphisms KKL∗ (A,P)
∼= KKL∗ (A, ⋆) for all A ∈ CI0. Thus we have to
x another large ompat subgroup H and show that D indues an isomorphism
KKL∗ (RH ,P)→ KK
L
∗ (RH , ⋆).
Let V := U/H , then we have RH = C0(G ×H V 7) ∼= C0(G ×U V 8). We only
need the ation of L on this spae. The spae G×U V
8
deomposes into a disjoint
union of the spaes LgU ×U V 8 over the double osets g ∈ L\G/U . We have a
natural isomorphism LgU ×U V 8 ∼= L×L∩gUg−1 V
8
, where we use the onjugation
automorphism gUg−1 ∼= U to let gUg−1 at on V . Sine the ation of L ∩ gUg−1
on V is dieomorphi to a linear ation, equivariant Bott periodiity yields that
C0(LgU ×U V
8) is KKL-equivalent to IndLL∩gUg−1(⋆). Thus
ResLG RH
∼=
⊕
g∈L\G/U
IndLL∩gUg−1(⋆)
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The subgroups L∩ gUg−1 are open in L and again large by Lemma 3.1. It follows
from (20) that
KKL∗ (RH , B)
∼=
⊕
g∈L\G/U
KKL∗ (Ind
L
L∩gUg−1(⋆), B)
∼=
⊕
g∈L\G/U
KKL∩gUg
−1
∗ (⋆,B)
∼=
⊕
g∈L\G/U
KKG∗ (RL∩gUg−1 , B).
By onstrution, D indues an isomorphism on the right hand side and hene on
KKL∗ (RH , xy). 
Remark 6.4. Inidentally, the proof above shows that
JGL Res
L
G J
G
H(⋆) = J
G
L Res
L
G(RH)
∼=
⊕
g∈L\G/U
RL∩gUg−1 .
6.2. A loalisation related to the Universal Coeient Theorem.
Denition 6.5. A C∗-algebraA is alled K-ontratible if K∗(A) = 0. A morphism
f ∈ KK(A,B) is alled a K-equivalene if f∗ : K∗(A)→ K∗(B) vanishes.
We write N ⊆ KK for the full subategory of K-ontratible objets. This
subategory is loalising beause K-theory is a homologial funtor ompatible with
diret sums. A morphism is a K-equivalene if and only if its mapping one is
K-ontratible.
Theorem 6.6. The loalising subategories 〈⋆〉 and N in KK are omplementary.
Proof. We have B ∈ N if and only if KK∗(⋆,B) ∼= K∗(B) = 0 for all ∗ ∈ Z, if and
only if KK(A,B) = 0 for all A ∈ 〈⋆〉. Similarly, f ∈ KK(B˜, B) is a K-equivalene
if and only if f∗ : KK(A, B˜) → KK(A,B) is an isomorphism for all A ∈ 〈⋆〉. We
have to onstrut a K-equivalene B˜ → B with B˜ ∈ 〈⋆〉 for any B ∈ KK. This
is equivalent to the representability of the funtor A 7→ KK(A,B) on 〈⋆〉. The
objet ⋆ of KK is learly ompat and generates 〈⋆〉 by denition. Hene we an
apply the Brown Representability Theorem 6.1 to get the assertion. 
As we observed in Setion 2.5, 〈⋆〉 ⊆ KK is just the bootstrap ategory. The
simpliial approximations in this ontext are usually alled geometri resolutions
(see [9℄). Let UCT := KK/N be the loalisation of KK at the K-ontratible
objets. This is a triangulated ategory with ountable diret sums and equipped
with a triangulated funtor KK → UCT ommuting with diret sums. It has the
same objets as KK. Morphisms are omputed using geometri resolutions:
UCT(A,B) ∼= KK(A˜, B) ∼= KK(A˜, B˜).
The group UCT(A,B) an always be omputed using the Universal Coeient
Theorem (see [9℄) beause the latter applies to A˜ ∈ 〈⋆〉. Moreover, A satises the
Universal Coeient Theorem if and only if KK(A,B) ∼= UCT(A,B) for all B if
and only if A ∈ 〈⋆〉. Thus we have translated the Universal Coeient Theorem as
an isomorphism statement. This is often onvenient.
The funtor A ⊗ xy preserves K-equivalenes for A ∈ 〈⋆〉 beause this holds for
the generator ⋆. Hene the natural maps from A˜⊗ B˜ to A⊗ B˜ and A˜⊗B are both
K-equivalenes, so that the various ways of loalising A ⊗ B give the same result
A ⊗L B in the ategory UCT. Sine A ⊗L B only involves C∗-algebras from the
bootstrap ategory, K∗(A⊗LB) an always be omputed by the Künneth Formula
(see [9℄). We remark also that 〈⋆〉 ⊗ 〈⋆〉 ⊆ 〈⋆〉 beause ⋆⊗ ⋆ = ⋆.
Thus loalisation of KK at N yields a natural map KK∗(A,B)→ UCT∗(A,B),
whih is an isomorphisms for all B if and only if A satises the Universal Coeient
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Theorem, and a natural map K∗(A⊗L B)→ K∗(A⊗B), whih is an isomorphism
for all B if and only if A satises the Künneth Formula. We want to emphasise
that, on a formal level, these maps are analogous to the Baum-Connes assembly
map K∗(G⋉
L
r A)→ K∗(G⋉r A).
7. The derived ategory and proper ations
We want to desribe the loalisation of KKG⋉X at CC in more lassial terms.
Let A and B be G⋉X-C∗-algebras. Let Y be a loally ompat G-spae. Gener-
alising (2) slightly, we let
RKKG⋉X(Y ;A,B) := KKG⋉(X×Y )(C0(Y,A), C0(Y,B)).
We let RKKG⋉X(Y ) be the ategory with the same objets as KKG⋉X and with
morphisms as above. That is, RKKG⋉X(Y ) identies with the range of the funtor
(26) p∗Y : KK
G⋉X → KKG⋉(X×Y )
indued by the projetion map X × Y → X and thus with a subategory of
KKG⋉(X×Y ). (There is no reason to expet this subategory to be triangulated.)
Let f : Y → Y ′ be a ontinuous G-equivariant map. Sine pY ′ ◦ f = pY , the
funtor f∗ : KKG⋉(X×Y
′) → KKG⋉(X×Y ) yields natural maps
(27) f∗ : RKKG⋉X(Y ′;A,B)→ RKKG⋉X(Y ;A,B).
For the onstant map pY : Y → ⋆ this reprodues the funtor p∗Y in (26). The maps
in (27) turn Y 7→ RKKG⋉X(Y ;A,B) into a ontravariant funtor.
If S is a ompat G-spae, then (18) yields a natural isomorphism
RKKG⋉X(Y × S;A,B) ∼= KKG⋉X(Y ;A,C(S,B)).
For S = [0, 1], we see that homotopy invariane of KKG(A,B) in the variable B
implies homotopy invariane in the variable Y ; that is, f∗1 = f
∗
2 if f1, f2 : Y → Y
′
are G-equivariantly homotopi. Let EG be a seond ountable, loally ompat
universal proper G-spae. Then X × EG is a universal proper G ⋉ X-spae. The
ategory RKKG⋉X(EG) and the funtor p∗EG : KK
G⋉X → RKKG⋉X(EG) do not
depend on the hoie of EG beause EG is unique up to homotopy.
Theorem 7.1. The funtor p∗EG : KK
G⋉X → RKKG⋉X(EG) desends to an iso-
morphism of ategories KKG⋉X/CC ∼= RKKG⋉X(EG).
More expliitly, let π : A˜→ A be a CI-simpliial approximation of A ∈ KKG⋉X .
Then the indiated maps in the following ommutative diagram are isomorphisms:
KKG⋉X(A˜, B)
∼=p
∗
EG

KKG⋉X(A,B)
p∗
EG

π∗oo
RKKG⋉X(EG; A˜, B) RKKG⋉X(EG;A,B).
π∗
∼=oo
Proof. The rst assertion follows from the seond one and Proposition 2.9.7. Hene
we only have to prove that the two indiated maps are isomorphisms. Consider
p∗EG rst. Fix B. Both KK
G⋉X(xy, B) and RKKG⋉X(EG; xy, B) are ohomologial
funtors ompatible with diret sums. Thus the lass of objets A˜ for whih the
natural transformation p∗EG between them is an isomorphism is loalising. Hene
we have an isomorphism for all A˜ ∈ 〈CI〉 one we have an isomorphism for A˜ ∈ CI.
This is what we shall prove. Thus we let A˜ := IndGH A
′
for some large ompat
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subgroup H and some A′ ∈ KKH⋉X . Let U := UH and let Y be a G-spae as
above. We use Lemma 3.3 and the ompatibility of IndGH with p
∗
Y to rewrite
RKKG⋉X(Y ; IndGH A
′, B) = KKG⋉(X×Y )(IndGH p
∗
YA
′, p∗Y B)
∼= KKH⋉(X×Y )(p∗Y Ind
U
H A
′, p∗Y B) = RKK
H⋉X(Y ; ResHU Ind
U
H A
′,ResHG B);
we have dropped restrition funtors from the notation exept in the nal result.
These isomorphisms are natural and espeially ompatible with the funtoriality
in Y . Sine H is ompat and EG is H-equivariantly ontratible, homotopy in-
variane implies that p∗EG is an isomorphism
RKKH⋉X(⋆; ResHU Ind
U
H A
′,ResHG B)
∼=
→ RKKH⋉X(EG; ResHU Ind
U
H A
′,ResHG B).
Hene p∗EG : RKK
G⋉X(⋆; IndGH A
′, B) → RKKG⋉X(EG; IndGH A
′, B) is an isomor-
phism as well.
We laim that any weak equivalene π : A˜→ A indues an isomorphism
RKKG⋉X(EG; A˜, B) ∼= RKKG⋉X(EG;A,B).
The proof of this laim will nish the proof of the theorem. We remark that
the usual denition of Ktop∗ (G,A) is funtorial for elements of RKK
G(EG;A,A′)
in a rather obvious way. Therefore, f ∈ KKG(A,A′) indues an isomorphism on
Ktop∗ (G,A) one p
∗
EG(f) is an isomorphism in RKK
G(EG;A,A′). Thus the laim
above implies that weak equivalenes indue isomorphisms on Ktop∗ (G,A). We have
already used this result of [16℄ in the proof of Theorem 5.2 above.
The laim is equivalent to RKKG⋉X(EG;A,B) = 0 for A ∈ CC by Lemma 4.3
beause RKKG⋉X(EG; xy, B) is a ohomologial funtor. This ondition for all B
is equivalent to p∗EG(A) = 0 for A ∈ CC, that is, CC ⊆ ker p
∗
EG. Let S be the lass
of proper G-spaes Y for whih CC ⊆ ker p∗Y . We shall use the following trivial
observation. If Y → Y ′ is a G-equivariant map and Y ′ ∈ S, then Y ∈ S as well
beause p∗Y fators through p
∗
Y ′ . Therefore, EG ∈ S if and only if Y ∈ S for all
proper G-spaes Y . This is what we are going to prove.
Let H ⊆ G be a ompat subgroup and let Y ′ be a loally ompat H-spae.
Then we an form a G-spae Y = G ×H Y ′. We all suh G-spaes ompatly
indued. The groupoid G ⋉ (X × Y ) is Morita equivalent to H ⋉ (X × Y ′). This
yields an isomorphism
RKKG⋉X(G×H Y
′;A,B) ∼= RKKH⋉X(Y ′; ResHG A,Res
H
G B),
(see [28, Theorem 3.6℄) and hene fators p∗Y through Res
H
G . Thus Y ∈ S, that is,
S ontains all ompatly indued G-spaes.
Any loally ompat proper G-spae is loally ompatly indued, that is, an
be overed by open G-invariant subsets that are isomorphi to ompatly indued
spaes. This result of Herbert Abels [2℄ is redisovered in [13℄. It ought to imply
our laim by a Mayer-Vietoris argument. However, the proof is somewhat deliate
beause it is unlear whether RKKG⋉X(Y ;A,B) as a funtor of Y is exisive.
We let Cn be the lass of proper G-spaes that an be overed by at most n
ompatly indued, G-invariant open subsets. Thus C1 onsists of the ompatly
indued G-spaes. We prove Cn ⊆ S by indution on n. We already know C1 ⊆ S.
If Y ∈ Cn, then Y = Y0 ∪ Y1 with open subsets Y0, Y1 suh that Y0 ∈ C1 and
Y1 ∈ Cn−1. Hene Y0, Y1 ∈ S by indution hypothesis. Let Y∩ := Y0 ∩ Y1. Then
Y∩ ∈ S as well beause Y∩ maps to Y0. The idea of the following proof is to
replae Y by a homotopy push-out Z of the diagram Y0 ← Y∩ → Y1. It is easy to
see that Z ∈ S. Sine there is a G-equivariant map Y → Z this implies Y ∈ S.
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In detail, let φ0, φ1 be aG-invariant partition of unity subordinate to the overing
Y0, Y1. This an be onstruted by working in G\Y . Let
Z :=
(
Y0 ⊔ Y1 ⊔ ([0, 1]× Y∩)
)
/ ∼
where we identify Y∩ ⊆ Yj with {j} × Y∩ ⊆ [0, 1] × Y∩ for j = 0, 1. We dene a
map φ∗ : Y → Z by φ∗(y) := (φ1(y), y) ∈ [0, 1]× Y∩ for y ∈ Y∩, φ∗(y) := y ∈ Y0 for
y ∈ Y0 \ Y∩ and φ∗(y) := y ∈ Y1 for y ∈ Y1 \ Y∩. Notie that this is a ontinuous,
G-equivariant map. Thus Z ∈ S implies Y ∈ S.
A yle for RKKG⋉X(Z;A,A) is a triple (f0, f1, f∩), where fj is a yle for
RKKG⋉X(Yj ;A,A) for j = 0, 1 and f∩ is a homotopy in RKK
G⋉X(Y∩;A,A) be-
tween f0|Y∩ and f1|Y∩ . Fix any suh yle. The yles f0 and f1 are homotopi to 0
beause Y0, Y1 ∈ S and A ∈ CC. This yields a homotopy between (f0, f1, f∩) and
(0, 0, f ′∩), where f
′
∩ is some yle for RKK
G⋉X(Y∩ × [0, 1];A,A) whose restritions
to 0 and 1 vanish. Thus f ′∩ is equivalent to a yle for
RKKG⋉X×[0,1](Y∩;C([0, 1], A),ΣA) ∼= RKK
G⋉X(Y∩;A,ΣA).
Apply (18) to the oordinate projetion X × Y∩ × [0, 1] → X × Y∩ to get this
isomorphism. We have RKKG⋉X(Y∩;A,ΣA) = 0 beause Y∩ ∈ S. Thus f ′∩ is
homotopi to 0 and RKKG⋉X(Z;A,A) = 0 for all A ∈ CC, that is, Z ∈ S.
So far we have proven that Cn ⊆ S for all n ∈ N. Now let Y be an arbitrary
proper G-spae. Sine Y is loally ompatly indued, there is a loally nite
overing by ompatly indued G-invariant open subsets (Uj)j∈N. We let Yj =⋃j
k=0 Uj and write Y =
⋃
Yn. Thus Yn ∈ Cn ⊆ S for all n ∈ N. We use the
following variant of the mapping telesope (ompare Setion 2.4):
Z := {(y, t) ∈ Y × R+ | y ∈ Ym whenever t < m+ 1} =
⋃
m∈N
Ym × [m,m+ 1].
This is a losed G-invariant subset of Y × R+. There exists a partition of unity
by G-invariant funtions subordinate to (Uj) beause G\Y is paraompat. We
use this to onstrut a G-invariant funtion φ : Y → R+ with φ(y) ≥ m for all
y ∈ Ym \ Ym−1. We get an embedding Y → Z, y 7→ (y, φ(y)). Thus Y ∈ S follows
if Z ∈ S. The proof of Z ∈ S is analogous to the argument in the preeding
paragraph. Therefore, we are rather brief.
A yle for RKKG⋉X(Z;A,A) is equivalent to sequenes of yles (fm)m∈N for
RKKG⋉X(Ym;A,A) and homotopies (Hm)m∈N between fm and fm+1|Ym . The
assumption that Ym ∈ S for all m allows us to nd a homotopy between fm and 0
for all m. Thus the yle desribed by the data (fm, Hm)m∈N is homotopi to a
yle (0, H ′m)m∈N. Eah H
′
m is equivalent to a yle for RKK
G⋉X(Ym;A,ΣA) ∼= 0
and thus homotopi to 0. Hene RKKG⋉X(Z;A,A) = 0, that is, Z ∈ S. This
nishes the proof. 
Corollary 7.2. An objet of KKG⋉X is weakly ontratible if and only if its image
in KKG⋉(X×EG) is isomorphi to 0, if and only if its image in KKG⋉(X×Y ) is
isomorphi to 0 for all proper G-spaes Y . A morphism in KKG⋉X is a weak
equivalene if and only if its image in KKG⋉(X×EG) is invertible, if and only if its
image in KKG⋉(X×Y ) is invertible for all proper G-spaes Y .
Proof. By the universal property of EG the map Y → ⋆ for any proper G-spae
fators through EG. Hene assertions about RKKG(EG) as in the statement of
the orollary imply the orresponding assertions about RKKG(Y ) for all proper
G-spaes Y . An objet is weakly ontratible if and only if its image in the loal-
isation vanishes and a morphism is a weak equivalene if and only if its image in
the loalisation is invertible. Thus everything follows from Theorem 7.1. 
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Reall that a G ⋉X-C∗-algebra is alled proper if it is a G ⋉ (X × Y )-algebra
for some proper G-spae Y .
Corollary 7.3. All proper G⋉X-C∗-algebras belong to 〈CI〉.
Proof. Let A be a proper G⋉X-C∗-algebra. Then A is a G⋉(X×EG)-C∗-algebra.
Let D : P→ C0(X) be a Dira morphism for G⋉X . Sine D is a weak equivalene,
p∗EG(D) is an invertible morphism in KK
G⋉(X×EG)
by Corollary 7.2. Hene
p∗EG(D)⊗X×EG idA ∈ KK
G⋉(X×EG)(p∗EG(P)⊗X×EG A,C0(X × EG)⊗X×EG A)
is invertible. If we forget the EG-struture, we still have an invertible element in
KKG⋉X . Equation (11) implies C0(X × EG) ⊗X×EG A ∼= A and p∗EG(P) ⊗X×EG
A ∼= P ⊗X A ∈ 〈CI〉. These isomorphisms identify p∗EG(D) ⊗X×EG idA with D∗ ∈
KKG(P⊗X A,A). Thus D is invertible and A ∈ 〈CI〉. 
We do not know whether, onversely, any objet in 〈CI〉 is isomorphi in KKG⋉X
to a properG-C∗-algebra. Sine A ∈ 〈CI〉 implies A ∼= P⊗XA, this holds if and only
if the soure P of the Dira morphism forG⋉X has this property. Thus the question
is whether we an nd a Dira morphism whose soure is proper. This an be done
for many groups. For instane, if G is almost onneted with maximal ompat
subgroup K, then the otangent bundle T ∗(G/K) always has a K-equivariant spin
struture, so that its Dira operator is dened. It is indeed a Dira morphism
for G by results of Gennadi Kasparov [28℄. This is where our terminology omes
from. Generalising this onstrution to non-Hausdor manifolds, one an onstrut
onrete Dira morphisms of a similar sort for totally disonneted groups with
nite dimensional EG (see [19, 29℄).
8. Dual Dira morphisms
Let ΣN→ P
D
→ C0(X)→ N be a Dira triangle.
Denition 8.1. We all η ∈ KKG⋉X(C0(X),P) a dual Dira morphism for G⋉X
if η ◦ D = idP. The omposition γ := Dη ∈ KK
G⋉X(C0(X), C0(X)) is alled a
γ-element for G⋉X .
Kasparov's Dira dual Dira method is the main tool for proving injetivity and
bijetivity of the Baum-Connes assembly map. The following theorem shows that
a dual Dira morphism in the above sense exists whenever the Dira dual Dira
method in the usual sense applies. Our reformulation has the advantage that the
Dira morphism is xed, so that we only have to nd one piee of struture. This
is quite useful for analysing the existene of a dual Dira morphism (see [19℄).
Theorem 8.2. Let A be a Z/2-graded G⋉X-C∗-algebra, α ∈ KKG⋉X(A,C0(X))
and β ∈ KKG⋉X(C0(X), A). If γ := αβ ∈ KK
G⋉X(C0(X), C0(X)) satises
p∗EG(γ) = 1 and A is proper, then there is a dual Dira morphism for G ⋉ X.
Moreover, γ is equal to the γ-element.
If, in addition, A is trivially graded and βα = 1, then α and β themselves are
Dira and dual Dira morphisms for G.
Proof. Let D ∈ KKG⋉X(P, C0(X)) be a Dira morphism. Even if A is graded, the
same argument as in the proof of Corollary 7.3 shows that D∗ ∈ KK
G(P⊗X A,A)
is invertibleprovided A is proper. We laim that the omposite morphism
η : C0(X)
β
−→ A
D
−1
∗−→ P⊗X A
α∗−→ P
is a dual Dira morphism, that is, η ◦ D = 1P. We have D ◦ η = β ◦ α = γ beause
exterior produts are graded ommutative. Sine D is a weak equivalene, p∗EG(D)
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is invertible. Sine 1 = p∗EG(γ) = p
∗
EG(ηD), we get p
∗
EG(η) = p
∗
EG(D)
−1
. Therefore,
p∗EG(ηD) = 1 = p
∗
EG(1). The map
p∗EG : KK
G⋉X(P,P)→ RKKG⋉X(EG;P,P)
is bijetive by Theorem 7.1 beause P ∈ 〈CI〉. Hene ηD = 1.
If A is trivially graded, then A ∈ 〈CI〉 by Corollary 7.3. The morphisms α and β
are weak equivalenes beause βα = 1 and αβ = γ are. This implies that α is a
Dira morphism and that β is a dual Dira morphism. 
Theorem 8.3. The following assertions are equivalent:
8.3.1. there is a dual Dira morphism (η ∈ KKG⋉X(C0(X),P) with ηD = idP);
8.3.2. KKG⋉X∗ (N,P) = 0 (for all ∗ ∈ Z);
8.3.3. the natural map p∗EG : KK
G⋉X
∗ (C0(X),P) → RKK
G⋉X
∗ (EG;C0(X),P) is an
isomorphism (for all ∗ ∈ Z);
8.3.4. KKG⋉X∗ (A,B) = 0 for all A ∈ CC, B ∈ 〈CI〉;
8.3.5. the natural map KKG⋉X∗ (A,B) → RKK
G⋉X
∗ (EG;A,B) is an isomorphism
for all A ∈ KKG⋉X , B ∈ 〈CI〉;
8.3.6. there is an equivalene of triangulated ategories KKG⋉X ∼= 〈CI〉 × CC.
Suppose these equivalent onditions to be satised and let
γ := D ◦ η ∈ KKG⋉X(C0(X), C0(X)).
Then γA := γ ⊗X A ∈ KK
G⋉X(A,A) is an idempotent for all A ∈ KKG⋉X . We
have γA = 0 if and only if A ∈ CC and γA = id if and only if A ∈ 〈CI〉.
Proof. We often use the isomorphism RKKG⋉X∗ (EG;A,B) ∼= KK
G⋉X
∗ (P⊗X A,B)
proven in Theorem 7.1. A long exat sequene argument shows that 8.3.2 and 8.3.3
are equivalent. Conditions 8.3.4 and 8.3.5 are two ways of expressing that objets of
〈CI〉 are CC-injetive and hene equivalent. The impliations 8.3.6=⇒8.3.4=⇒8.3.2
and 8.3.3=⇒8.3.1 are trivial. It remains to prove that 8.3.1 implies 8.3.6. Along the
way we show the additional assertions about γ (and part of the following orollary).
Sine ηD = idP, the map ΣN → P in the Dira triangle vanishes. Hene
Lemma 2.2 yields an isomorphism C0(X) ∼= P⊕N suh that the maps P→ C0(X)→
N beome the obvious ones. Any two hoies for η dier by a morphism N → P.
Therefore, 8.3.2 implies that η is unique. We annot use this so far beause we still
have to prove that 8.3.2 follows from 8.3.1. We may, however, hoose η suh that
γ = Dη is the orthogonal projetion onto P that vanishes on N. We get a diret
sum deomposition (in KK)
A ∼= C0(X)⊗X A ∼= P⊗X A⊕ N⊗X A
suh that D⊗X idA is the inlusion of the rst summand and γA is the orthogonal
projetion onto P ⊗X A. Theorem 4.7 yields γA = 1 if and only if A ∈ 〈CI〉, and
γA = 0 if and only if A ∈ CC. Sine
γB ◦ f = γ ⊗X f = f ◦ γA
for all f ∈ KKG⋉X(A,B), there are no non-zero morphisms between CC and 〈CI〉.
The above deomposition of A respets suspensions and exat triangles beause the
tensor produt funtors P ⊗X xy and N ⊗X xy are triangulated. Hene we get an
equivalene of triangulated ategories 〈CI〉 × CC ∼= KKG. 
Corollary 8.4. Fix a Dira morphism D ∈ KKG⋉X(P, C0(X)). Then the dual
Dira morphism and the γ-element are unique if they exist.
A morphism η ∈ KKG⋉X(C0(X),P) is a dual Dira morphism if and only if
p∗EG(η) is inverse to p
∗
EG(D) if and only if p
∗
EG(Dη) = 1.
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Proof. We have already shown the uniqueness of η and hene of γ during the proof
of Theorem 8.3. The map p∗EG : KK
G⋉X
∗ (P,P)→ RKK
G⋉X
∗ (EG;P,P) is an isomor-
phism by Theorem 7.1. Hene ηD = id if and only if p∗EG(ηD) = id. Sine D is a
weak equivalene, p∗EG(D) is an isomorphism. Hene there is no dierene between
left, right and two-sided inverses for p∗EG(D). 
Suppose now that a dual Dira morphism exists. It indues a anonial setion
for the map P⊗X A→ A. Hene the natural transformation LF (A)→ F (A) for a
ovariant funtor F is naturally split injetive. Similarly, the natural transformation
F (A)→ F (P⊗X A) is naturally split surjetive for a ontravariant funtor F .
It is lear from Theorem 8.3 that γ = 1 if and only if CC = 0. In this ase,
LF (A) ∼= F (A) for any funtor on KKG⋉X , that is, any funtor F satises the ana-
logue of the Baum-Connes onjeture. Nigel Higson and Gennadi Kasparov show
in [23℄ that all groups with the Haagerup property and in partiular all amenable
groups have a dual Dira element and satisfy γ = 1. Jean-Louis Tu generalises their
argument to groupoids that satisfy an analogue of the Haagerup property in [45℄.
In partiular, this applies to the speial groupoids G⋉X . We get:
Theorem 8.5. Suppose that the groupoid G ⋉X is amenable or, more generally,
ats ontinuously and isometrially on a ontinuous eld of ane Eulidean spaes
over X. Then weakly ontratible objets of KKG⋉X are already isomorphi to 0
and weak equivalenes are isomorphisms. The assembly map is an isomorphism for
any funtor dened on KKG⋉X .
8.1. Approximate dual Dira morphisms. In some ases of interest, for in-
stane, for groups ating on boli spaes, one annot onstrut an atual dual
Dira morphism but only approximations to one.
Denition 8.6. Suppose that for eah G-ompat proper G-spae Y there is ηY ∈
KKG(⋆,P) suh that p∗Y (D ◦ ηY ) = 1 ∈ RKK
G(Y ; ⋆, ⋆). Then we all the family
(ηY ) an approximate dual Dira morphism for G. We also let γY := D ◦ ηY .
Lemma 8.7. Suppose that for eah G-ompat proper G-spae Y there are a possi-
bly Z/2-graded, proper G-C∗-algebra AY and αY ∈ KK
G(AY , ⋆), βY ∈ KK
G(⋆,AY )
suh that p∗Y (αY ◦ βY ) = 1 ∈ RKK
G(Y ; ⋆, ⋆). Then G has an approximate dual
Dira morphism with γY = αY βY .
Proof. Proeed as in the proof of Theorem 8.2. 
The situation of Lemma 8.7 ours in [30℄. It follows that a disrete group G
has an approximate dual Dira morphism if it ats properly and by isometries on
a weakly boli, weakly geodesi metri spae. Clearly, G has an approximate dual
Dira morphism one it has a dual Dira morphism. The onverse holds if G does
not have too many ompat subgroups:
Proposition 8.8. Suppose that there exist nitely many ompat subgroups of G
suh that any ompat subgroup is subonjugate to one of them. If G has an ap-
proximate dual Dira morphism, then it already has a dual Dira morphism.
Proof. Let D ∈ KKG(P, ⋆) be a Dira morphism for G. Let S be a nite set of
ompat subgroups suh that any other ompat subgroup is subonjugate to one
of them. Let Y be the disjoint union of the spaes G/H for H ∈ S. By hypothesis,
there is ηY ∈ KK
G(⋆,P) suh that γY := D ◦ ηY satises p∗Y (γY ) = 1. This means
that p∗G/H(γY ) = 1 for all H ∈ S. By (14), this is equivalent to Res
H
G (γY ) = 1 for
all H ∈ S. By hypothesis, any ompat subgroup of G is subonjugate to one in S.
Thus γY is a weak equivalene. Sine D is a weak equivalene as well, it follows
that ηY is a weak equivalene. Hene the omposition ηY ◦ D ∈ KK
G(P,P) is a
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weak equivalene. Sine P ∈ 〈CI〉, it is projetive with respet to weak equivalenes
by Proposition 4.4. Hene ηY ◦ D is invertible; η := (ηY ◦ D)−1ηY ∈ KK
G(⋆,P) is
the desired dual Dira morphism for G. 
It is unlear whether the ondition on ompat subgroups in Proposition 8.8 an
be removed. Our next goal is a weakening of Theorem 8.3.5, whih still holds if G
has an approximate dual Dira morphism and whih is used in [19℄.
Lemma 8.9. Let D ∈ KKG(P, ⋆) be a Dira morphism and let α ∈ KKG(⋆,P).
Dene β := D ◦ α ∈ KKG(⋆, ⋆) and βA := β ⊗ idA ∈ KK
G(A,A) for all A ∈ KKG.
Then α ◦ D = βP. For A,B ∈ KK
G
, the omposites
α∗D∗ : KKG(A,B)→ KKG(P⊗A,B)→ KKG(A,B),
D
∗α∗ : KKG(P⊗A,B)→ KKG(A,B)→ KKG(P⊗A,B),
are both given by f 7→ βB ◦ f .
Proof. Sine D is a weak equivalene, the map
D∗ : KK
G(P,P)→ KKG(P, ⋆)
is an isomorphism. It maps both α ◦D and βP to β ◦D = D⊗β. Hene α ◦D = βP.
The seond assertion now follows from βB ◦f = β⊗f = f ◦βA′ for all A′, B ∈ KK
G
,
f ∈ KKG(A′, B) (applied to A′ = A and A′ = P⊗A). 
Lemma 8.10. Let β ∈ KKG(⋆, ⋆), let Y be a loally ompat G-spae and let A be
a G⋉ Y -C∗-algebra. If p∗Y (β) = 1, then βA = 1.
Proof. We have a natural isomorphism B ⊗ A ∼= p∗Y (B) ⊗Y A for all A and B.
Hene βA := β ⊗ idA = p∗Y (β) ⊗Y idA = 1⊗Y idA = 1. 
For a nite set of ompat subgroups S, let CI(S) ⊆ CI be the lass of G-C∗-
algebras that are KKG-equivalent to IndGH(A) for some H ∈ S and some A ∈ KK
H
.
Let 〈CI(S)〉 be the loalising subategory generated by CI(S). These subategories
form a direted set of loalising subategories. Let CIF be their union, that is,
A ∈ CIF if and only if A ∈ CI(S) for some nite set of ompat subgroups S.
This is a thik, triangulated subategory of KKG, but it need not be loalising: it
is only losed under ountable diret sums if all summands lie in the same ategory
CI(S) for some S. The hypothesis of Proposition 8.8 ensures that CIF = CI(S)
for some S, so that CIF is loalising as well. Thus CIF = 〈CI〉 in this ase. In
general, CI ⊆ CIF ⊆ 〈CI〉 and both ontainments may be strit.
Proposition 8.11. If G has an approximate dual Dira morphism, then the map
(28) p∗EG : KK
G
∗ (A,B)→ RKK
G
∗ (EG;A,B)
is an isomorphism for all B ∈ CIF, A ∈ KKG.
Proof. Fix B ∈ CIF and let S be a nite set of ompat subgroups of G suh that
B ∈ 〈CI(S)〉. Let Y be the disjoint union of the spaes G/H for H ∈ S. This is
a G-ompat proper G-spae. Sine G has an approximate dual Dira morphism,
there is ηY ∈ KK
G(⋆,P) suh that γ := DηY satises p
∗
Y (γ) = 1. This yields
γB′ = 1 in KK
G(B′, B′) for B′ ∈ CI(S) by Lemma 8.10. In partiular, γB′ is
invertible if B′ ∈ CI(S). The lass of B′ ∈ KKG for whih γB′ is invertible is
loalising by the Five Lemma and the funtoriality of diret sums. Hene γB′ is
invertible for all B′ ∈ 〈CI(S)〉 and, espeially, for our hosen B. By Lemma 8.9,
D
∗ : KKG(A,B) → KKG(P⊗ A,B) is invertible beause both D∗η∗Y and η
∗
Y D
∗
are
equal to invertible maps of the form (γB)∗. Theorem 7.1 allows us to replae D
∗
by the map p∗EG in (28). 
36 RALF MEYER AND RYSZARD NEST
9. The strong Baum-Connes onjeture
Denition 9.1. We say that G satises the strong Baum-Connes onjeture with
oeients A ∈ KKG if the assembly map G⋉Lr A→ G⋉r A is a KK-equivalene.
The strong Baum-Connes onjeture implies that the assembly map is an iso-
morphism for any funtor dened on KK. In partiular, this overs K-theory, K-ho-
mology and loal yli homology and ohomology of the redued rossed produt.
Suppose that G has a dual Dira morphism and resulting γ-element γ. Applying
desent, we get G⋉rγA ∈ KK(G⋉rA,G⋉rA). The strong Baum-Connes onjeture
amounts to the assertion that G⋉r γA = 1. This is known to be false for quite some
time if A = ⋆ and G is a disrete subgroup of nite ovolume in Sp(n, 1) ([41℄).
For general G, the Baum-Connes onjeture with oeients A holds if and only
if G⋉Obsr A is K-ontratible as in Denition 6.5, whereas the strong Baum-Connes
onjeture with oeients A holds if and only if G⋉Obsr A
∼= 0 in KK. These two
assertions are equivalent if G ⋉Obsr A belongs to the bootstrap ategory 〈⋆〉. A
suient ondition for G ⋉Obsr A ∈ 〈⋆〉 is that both G⋉
L
r A and G ⋉r A belong to
the bootstrap ategory.
Now we use the notion of smooth ompat subgroup introdued in Setion 3.1.
If G is disrete, any nite subgroup of G is smooth. Let CI1 ⊆ CI be the set of all
G-C∗-algebras of the form C0(G/H) for smooth, ompat subgroups H ⊆ G. This
is a variant of the subategory CI0 ⊆ CI introdued in Setion 6.1.
The following lemma is motivated by work of Jérme Chabert and Siegfried
Ehterho (see, for instane, [16, Lemma 4.20℄).
Proposition 9.2. The loalising ategory 〈CI1〉 generated by CI1 ontains 〈CI0〉
and hene also ontains the soure of the Dira morphism.
Proof. Our existene proof for Dira morphisms shows that P ∈ 〈CI0〉. If the
generators RH dened in (24) belong to 〈CI1〉, then 〈CI0〉 ⊆ 〈CI1〉, and we are
done. Let H ⊆ G be a large ompat subgroup, U := UH and V := U/H . Reall
that RH = Ind
G
H C0(V
7). Sine U is almost onneted, there is a ompat normal
subgroup N ⊆ U suh that U/N is a Lie group. By maximality, H = NH ⊇ N .
The quotientH/N is a ompat Lie group. It ats linearly on the R-vetor spae V 7.
One an show that V 7 is an H/N -CW-omplex; this is a speial ase of [24℄. Hene
C0(V
7) belongs to the loalising subategory of KKH/N generated by C0(H/K)
with N ⊆ K ⊆ H . Hene RH belongs to the loalising subategory of KK
G
generated by IndGH C0(H/K)
∼= C0(G/K) for suh K. Sine N is a strongly smooth
ompat subgroup of G ontained in eah K, the assertion follows. 
Theorem 9.3. For any A ∈ KKG, the C∗-algebra G⋉Lr A belongs to the loalising
subategory of KK generated by H ⋉ A for smooth ompat subgroups H ⊆ G. In
partiular, G⋉Lr A ∈ 〈⋆〉 one H ⋉A ∈ 〈⋆〉 for all smooth ompat subgroups H.
If H ⋉ A ∼= 0 in KK for all smooth ompat subgroups H, then G ⋉Lr A
∼= 0 as
well. If f ∈ KKG(A,B) indues KK-equivalenes H ⋉ A ∼= H ⋉ B for all smooth
ompat subgroups H, then it indues a KK-equivalene G⋉Lr A
∼= G⋉Lr B.
If H ⋉A is K-ontratible for all smooth ompat subgroups H, so is G⋉Lr A. If
f ∈ KKG(A,B) indues a K-equivalene H ⋉ A → H ⋉ B for all smooth ompat
subgroups H, then it indues a K-equivalene G⋉Lr A→ G⋉
L
r B.
Proof. Proposition 9.2 implies that G⋉Lr A
∼= G⋉r (P⊗A) belongs to the loalising
subategory of KK generated by G⋉r C0(G/H,A) for smooth ompat subgroups
H ⊆ G. Equation (9) yields G⋉rC0(G/H,A) ∼M H⋉A. This implies the riteria
for G ⋉Lr A to be in 〈⋆〉, to be KK-ontratible and to be K-ontratible beause
all these onditions dene loalising subategories of KK. The assertions about
morphisms follow if we replae f by its mapping one. 
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The following orollary is originally due to Jean-Louis Tu ([45℄). It applies to
amenable groups by Theorem 8.5.
Corollary 9.4. Let G be a loally ompat group, let X be a G-spae, and let
A ∈ KKG⋉X . Suppose that G⋉X has a dual Dira morphism with γ = 1 or, more
generally, G ⋉r γA = 1 ∈ KK(G ⋉r A,G ⋉r A). If H ⋉ A ∈ 〈⋆〉 for all smooth
ompat subgroups H, then G⋉r A ∈ 〈⋆〉.
Proof. If γ = 1 ∈ KKG⋉X(C0(X), C0(X)), then (G ⋉X)⋉r γA = 1. This implies
(G⋉X)⋉Lr A
∼= (G⋉X)⋉rA in KK. Now use Lemma 5.1 to get rid of the spae X
and apply Theorem 9.3. 
Theorem 9.3 desribes other interesting loalising subategories ofKKG on whih
Ktop∗ (G, xy) vanishes. Hene it gives a variant of the rigidity formulation of the
Baum-Connes onjeture. Namely, G satises the Baum-Connes onjeture with
arbitrary oeients if and only if K∗(G ⋉r A) ∼= 0 whenever A ∈ KK
G
satises
K∗(H ⋉r A) ∼= 0 for all smooth ompat subgroups H ⊆ G.
Proposition 9.5. If the G-C∗-algebra A is ommutative (or just type I), then
G ⋉Lr A ∈ 〈⋆〉. In partiular, G ⋉
L
r ⋆ ∈ 〈⋆〉. Suppose G ⋉
L
r A ∈ 〈⋆〉 (for instane,
A = ⋆). Then the strong Baum-Connes onjeture with oeients A holds if and
only if G ⋉r A ∈ 〈⋆〉 and the usual Baum-Connes onjeture with oeients A
holds.
Proof. If A is a type I C∗-algebra and H is ompat, then H ⋉ A is a type I
C∗-algebra as well (this follows easily from [42, Theorem 6.1℄). Therefore, it belongs
to 〈⋆〉 (see [9, 22.3.5℄). Thus G ⋉Lr A ∈ 〈⋆〉 by Theorem 9.3. The strong Baum-
Connes onjeture is stronger than the Baum-Connes onjeture and implies that
G⋉r A ∈ 〈⋆〉 one G⋉Lr A ∈ 〈⋆〉. The onverse also holds beause a K-equivalene
between objets of 〈⋆〉 is already a KK-equivalene. 
Therefore, if we already know that C∗r (G) ∈ 〈⋆〉, then the strong and the usual
Baum-Connes onjeture with trivial oeients are equivalent. Jérme Chabert,
Siegfried Ehterho and Hervé Oyono-Oyono show in [16℄ that C∗r (G) ∈ 〈⋆〉 if G is
almost onneted or a linear algebrai group over the p-adi numbers or over the
adele ring of a number eld. The Baum-Connes onjeture with trivial oeients
for these groups is also known, see [14, 16℄. Hene these groups satisfy the strong
Baum-Connes onjeture with trivial oeients.
10. Permanene properties of the (strong) Baum-Connes onjeture
Let T and T ′ be triangulated ategories, let F : T → T ′ be a triangulated fun-
tor, and let (N ,P) and (N ′,P ′) be omplementary pairs of loalising subategories
in T and T ′, respetively. Suppose F (P) ⊆ P ′. Then L(F ′ ◦ F ) ∼= LF ′ ◦ LF up to
isomorphism for any ovariant funtor F ′ dened on T ′. This trivial observation
has lots of appliations. When applied to restrition and indution funtors, par-
tial rossed produt funtors and the omplexiation funtor, we get permanene
properties of the (strong) Baum-Connes onjeture. We remark that Lemma 5.1 is
another suh result that logially belongs into this setion.
10.1. Restrition and indution.
Proposition 10.1. Let H ⊆ G be a losed subgroup. The funtors
ResHG : KK
G⋉X → KKH⋉X and IndGH : KK
H⋉X → KKG⋉X
preserve weak ontratibility and weak equivalenes and map 〈CI〉 to 〈CI〉. There-
fore, ResHG maps a Dira triangle for G ⋉ X to a Dira triangle for H ⋉ X and
IndGH maps a Dira triangle for H ⋉X to a Dira triangle for G⋉X.
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Proof. Restrition and indution in stages yield ResHG (CC) ⊆ CC and Ind
G
H(CI) ⊆
CI and hene IndGH(〈CI〉) ⊆ 〈CI〉. To prove Res
H
G (〈CI〉) ⊆ 〈CI〉, it sues to show
ResHG (CI) ⊆ 〈CI〉 beause Res
H
G is triangulated and ommutes with diret sums. It
is lear that ResHG maps ompatly induedG-C
∗
-algebras to properH-C∗-algebras.
This implies the assertion by Corollary 7.3. As a onsequene, ResHG maps a Dira
triangle for G⋉X to one for H ⋉X .
Next we prove that IndGH(CC) ⊆ CC. Let D ∈ KK
G⋉X(P, C0(X)) be a Dira
morphism for G ⋉ X . We have just seen that ResHG D is a Dira morphism for
H ⋉X . Let A ∈ KKH⋉X . Equation (16) yields
P⊗X Ind
G
H A ≈ Ind
G
H(Res
H
G P⊗X A).
By Theorem 4.7, IndGH A ∈ CC is equivalent to P ⊗X Ind
G
H A
∼= 0 and A ∈ CC is
equivalent to ResHG P ⊗X A ∼= 0. Thus Ind
G
H(CC) ⊆ CC. As a onsequene, Ind
G
H
maps a Dira triangle for H ⋉X to one for G⋉X . 
It follows immediately from Proposition 10.1 that
L(F ◦ IndGH) ∼= (LF ) ◦ Ind
G
H , Obs(F ◦ Ind
G
H)
∼= (ObsF ) ◦ IndGH ,
L(F ◦ ResHG )
∼= (LF ) ◦ ResHG , Obs(F ◦ Res
H
G )
∼= (ObsF ) ◦ ResHG .
Sine G⋉r Ind
G
H A ∼M H ⋉r A by (9), this yields natural KK-equivalenes
(29) G⋉Lr Ind
G
H A
∼= H ⋉Lr A, G⋉
Obs
r Ind
G
H A
∼= H ⋉Obsr A.
Hene the (strong) Baum-Connes onjetures for G ⋉r Ind
G
H A and H ⋉r A are
equivalent. As a result, the (strong) Baum-Connes onjeture with oeients
and the (strong) Baum-Connes onjeture with ommutative oeients are both
hereditary for subgroups. For the usual Baum-Connes onjeture, this is due to
Jérme Chabert and Siegfried Ehterho ([11℄).
10.2. Full and redued rossed produts and funtoriality. Let φ : G1 → G2
be a ontinuous group homomorphism. It indues a funtor φ∗ : KKG2 → KKG1 .
Of ourse, φ∗(⋆) = ⋆. If φ is open, then the universal property of full rossed
produts yields a natural transformation
(30) φ∗ : G1 ⋉ φ
∗(A)→ G2 ⋉A
for A ∈ KKG2 (if φ is not open, we only get a map to the multiplier algebra
of G2 ⋉ A). There is no analogue of (30) for redued rossed produts. For in-
stane, the homomorphism from G to the trivial group indues a homomorphism
C∗r (G)→ C
∗
r ({1}) if and only if G is amenable. Nevertheless, K
top(G) has the same
funtoriality as full rossed produts. We an reprove this easily in our setup.
Theorem 10.2. The natural map G ⋉ A → G ⋉r A is a KK-equivalene for A ∈
〈CI〉. Hene G⋉L A ∼= G⋉Lr A (in KK) for any A ∈ KK
G
.
Proof. Sine full and redued rossed produts agree for ompat groups, (9) yields
that the map G ⋉ A → G ⋉r A is an isomorphism in KK for A ∈ CI. Sine
both rossed produts are triangulated funtors that ommute with diret sums,
this extends from CI to 〈CI〉. This implies the seond statement beause the
loalisations only see 〈CI〉. 
Corollary 10.3. There exists a natural map φ∗ : G1 ⋉
L
r φ
∗(A)→ G2 ⋉
L
r A for any
open, ontinuous group homomorphism φ : G1 → G2 and any A ∈ KK
G2
.
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Proof. Let A˜ → A be a CI-simpliial approximation in KKG2 , so that G2 ⋉ A˜ ∼=
G2⋉
LA. Sine φ maps ompat subgroups in G1 to ompat subgroups in G2, the
funtor φ∗ : KKG2 → KKG1 preserves weak equivalenes. Hene φ∗(A˜)→ φ∗(A) is
a weak equivalene in KKG1 . As suh it indues an isomorphism on LF for any
funtor F . Theorem 10.2 and (30) yield anonial maps
G1 ⋉
L
r φ
∗(A) ∼= G1 ⋉
L φ∗(A) ∼= G1 ⋉
L φ∗(A˜)
→ G1 ⋉ φ
∗(A˜)→ G2 ⋉ A˜ ∼= G2 ⋉
L A ∼= G2 ⋉
L
r A. 
10.3. Unions of open subgroups. LetG =
⋃
Gn be a union of a sequene of open
subgroups. For instane, adeli groups are of this form. Then G⋉rA ∼= lim−→
Gn⋉rA
for any A ∈ KKG. Sine restrition to Gn ⊆ G is a ompletely positive map
G ⋉r A → Gn ⋉r A, the indutive system (Gn ⋉r A)n∈N is admissible. Hene we
an replae the diret limit by the homotopy diret limit (see Setion 2.4).
Let ΣN → P
D
→ ⋆ → N be a Dira triangle for G. By Proposition 10.1, the
funtor ResGnG maps this to a Dira triangle in KK
Gn
. Hene
Gn ⋉r (P⊗ A) ∼= Gn ⋉
L
r A, Gn ⋉r (N⊗A)
∼= Gn ⋉
Obs
r A.
Taking limits, we obtain
(31) G⋉Lr A
∼= ho-lim−→
Gn ⋉
L
r A, G⋉
Obs
r A
∼= ho-lim−→
Gn ⋉
Obs
r A.
We have omitted restrition funtors from our notation to avoid lutter. The fol-
lowing result is due to Paul Baum, Stephen Millington and Roger Plymen ([7℄) for
the usual Baum-Connes onjeture.
Theorem 10.4. If the groups Gn satisfy the (strong) Baum-Connes onjeture with
oeients A for all n ∈ N, then so does G.
Proof. Reall that G satises the Baum-Conjeture (or the strong Baum-Connes
onjeture) with oeients A if and only if G ⋉Obsr A is K-ontratible (or KK-
ontratible). Sine the ategory of K-ontratible C∗-algebras is loalising, it is
losed under homotopy diret limits. Hene the assertions follow from (31). 
10.4. Diret produts of groups. Let G1 and G2 be loally ompat groups and
let G := G1×G2. Let Dj ∈ KK
Gj (Pj , ⋆) be Dira morphisms for the fators. Then
D1 ⊗ D2 ∈ KK
G1×G2(P1 ⊗ P2, ⋆) is a Dira morphism for G1 ×G2 beause
CI(G1)⊗ CI(G2) ⊆ CI(G1 ×G2) and CC(G1)⊗ CC(G2) ⊆ CC(G1 ×G2).
Let Aj ∈ KK
Gj
for j = 1, 2 and put A := A1 ⊗ A2 ∈ KK
G
. We have a natural
isomorphism
G⋉r A ≈ (G1 ⋉r A1)⊗ (G2 ⋉r A2)
(beause we use minimal C∗-tensor produts) and hene
G⋉Lr A
∼= G⋉r (A1 ⊗ P1)⊗ (A2 ⊗ P2)
≈ (G1 ⋉r A1 ⊗ P1)⊗ (G2 ⋉r A2 ⊗ P2) ∼= (G1 ⋉
L
r A1)⊗ (G2 ⋉
L
r A2).
Furthermore, the assembly map G ⋉Lr A → G ⋉r A is the exterior tensor produt
of the assembly maps Gj ⋉
L
r Aj → Gj ⋉r Aj for the fators.
There are, of ourse, similar isomorphisms for G⋉Obsr A. Therefore, if the strong
Baum-Connes onjeture holds for G1 ⋉r A1 and G2 ⋉r A2, then also for G ⋉r A.
The orresponding assertion about the usual Baum-Connes onjeture needs further
hypotheses (see [16℄) beause we annot always ompute the K-theory of a tensor
produt by the Künneth Formula. We an formulate this as
(G1 ⋉
Obs
r A1)⊗ (G2 ⋉
Obs
r A2)
∼= (G1 ⋉
Obs
r A1)⊗
L (G2 ⋉
Obs
r A2),
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using the loalised tensor produt ⊗L introdued in Setion 6.2.
Combining the results on nite diret produts and unions of groups, we get
assertions about restrited diret produts as in [16℄.
10.5. Group extensions. Next we onsider a group extension N ֌ G ։ G/N .
If A is a G-C∗-algebra, then N ⋉r A arries a anonial twisted ation of G/N .
In [11℄, Jérme Chabert and Siegfried Ehterho use this to onstrut a partial
rossed produt funtor
N ⋉r xy : KK
G → KKG/N .
This funtor is triangulated and ommutes with diret sums. We have a natural
isomorphism G/N ⋉r (N ⋉r A) ∼= G ⋉r A in KK. The following result is due to
Jérme Chabert, Siegfried Ehterho and Hervé Oyono-Oyono [16℄ for the usual
Baum-Connes onjeture.
Theorem 10.5. The funtor N ⋉r xy : KK
G → KKG/N maps CI to CI and hene
〈CI〉 to 〈CI〉. Therefore, there is a natural isomorphism
G/N ⋉Lr (N ⋉
L
r A)
∼= G⋉Lr A,
whih is ompatible with the isomorphism G/N ⋉r (N ⋉r A) ∼= G⋉r A.
Suppose that the (strong) Baum-Connes onjeture holds for HN ⊆ G with o-
eients A for any smooth ompat subgroup H ⊆ G/N . Then the (strong) Baum-
Connes onjeture holds for G with oeients A if and only if it holds for G/N
with oeients N ⋉r A.
Suppose that G/N and HN for ompat subgroups H ⊆ G/N have a dual Dira
morphism and satisfy γ = 1. Then the same holds for G.
Proof. Let A be ompatly indued from, say, the ompat subgroup H ⊆ G.
By (14), this means that A is a G ⋉ G/H-C∗-algebra. We still have a anonial
homomorphism from C0(G/HN) to the entral multiplier algebra of N ⋉r A. This
means that N ⋉r A is ompatly indued as a G/N -algebra. Therefore, N ⋉r xy
preserves CI and hene 〈CI〉. This implies G/N ⋉Lr (N ⋉
L
r A)
∼= G⋉Lr A.
Proposition 10.1 implies that a Dira morphism for HN is one for N as well.
Hene the hypothesis of the seond paragraph is equivalent to the ondition that
the assembly map N ⋉Lr A→ N ⋉rA in KK
G/N
indues a K-equivalene (or a KK-
equivalene) H ⋉ (N ⋉Lr A) → H ⋉ (N ⋉r A) for all smooth ompat subgroups
H ⊆ G/N . By Theorem 9.3, the map G/N ⋉Lr (N ⋉
L
r A) → G/N ⋉
L
r (N ⋉r A) is
a K-equivalene (or a KK-equivalene) as well. Together with G ⋉Lr A
∼= G/N ⋉Lr
(N ⋉Lr A) this yields the assertions in the seond paragraph.
Now assume that G/N and the subgroups HN ⊆ G for H ⊆ G/N ompat
have dual Dira morphisms and satisfy γ = 1. We show that G has the same
properties. Reall that this is equivalent to 〈CI(G)〉 = KKG. The group homomor-
phism π : G → G/N indues a triangulated funtor ommuting with diret sums
π∗ : KKG/N → KKG. Of ourse, π∗(⋆) = ⋆. Sine 〈CI(G/N)〉 = KKG/N , the essen-
tial range of π∗ is generated by objets of the form π∗(Ind
G/N
H A), where H ⊆ G/N
is ompat. We have π∗(Ind
G/N
H A)
∼= IndGHN π
∗
H(A), where πH : HN → H is the
restrition of π. Hene ⋆ ∈ KKG belongs to the loalising subategory generated
by the ranges of the funtors IndGHN for ompat subgroups H ⊆ G/N .
By hypothesis, KKHN = 〈CI(HN)〉. Sine indution is a triangulated funtor
that ommutes with diret sums, the range of IndGHN is ontained in the loalising
subategory of KKG generated by objets of the form IndGHN Ind
HN
L (D)
∼= IndGL (D)
for ompat subgroups L ⊆ HN and D ∈ KKL. As a result, ⋆ ∈ KKG belongs to
〈CI(G)〉. This implies that the Dira morphism is invertible, that is, G has a dual
Dira morphism and γ = 1. 
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10.6. Real versus omplex assembly maps. Now we reprove a result of Paul
Baum and Max Karoubi ([6℄) and Thomas Shik ([39℄). In order to ompare
the real and omplex assembly maps, we have to distinguish between the real
and omplex Kasparov theories in our notation. We denote them by KKG⋉X
R
and KKG⋉X
C
, respetively. We write A 7→ AC for the omplexiation funtor
KKG⋉X
R
→ KKG⋉X
C
. This funtor is obviously triangulated and ommutes with
diret sums and tensor produts, that is, (A⊗(X) B)C ∼= AC ⊗(X) BC.
Proposition 10.6. The omplexiation funtor KKG⋉X
R
→ KKG⋉X
C
preserves
weak ontratibility and weak equivalenes, and it maps 〈CI〉 to 〈CI〉. Hene it
maps a Dira triangle in KKG⋉X
R
to one in KKG⋉X
C
.
Proof. Sine omplexiation ommutes with restrition and indution, it maps
CCR to CCC and CIR to CIC. Being triangulated and ompatible with diret sums,
it also maps 〈CIR〉 to 〈CIC〉. This implies the assertion about Dira triangles. 
There is a long exat sequene that relates real and omplex K-theory. This
exat sequene is generalised in [39℄ to a similar long exat sequenes
(32) . . .
δ
→ KKG⋉X
R,q−1(A,B)
χ
→ KKG⋉X
R,q (A,B)
c
→ KKG⋉X
C,q (AC, BC)
δ
→ KKG⋉X
R,q−2(A,B)
χ
→ KKG⋉X
R,q−1(A,B)
c
→ KKG⋉X
C,q−1(AC, BC)
δ
→ . . . ,
for any A,B ∈ KKG⋉X
R
. The map c is the omplexiation funtor, χ is the produt
with the generator of KK1(R,R) ∼= Z/2 and δ is the omposition of the inverse of
the Bott periodiity isomorphism with forgetting the omplex struture. In [39℄,
(32) is only written down for KKG. The same proof works for KKG⋉X , even for
equivariant Kasparov theory for groupoids. It is easy to see that (32) is natural
with respet to morphisms in KKG⋉X
R
(see [39℄). Hene the maps
KKG⋉X
C,q (AC, BC)→ KK
G⋉X
C,q (A
′
C, B
′
C)
indued by elements of KKGR (A
′, A) and KKGR (B,B
′) are isomorphisms for all q ∈ Z
one the orresponding maps
KKG⋉X
R,q (A,B)→ KK
G⋉X
R,q (A
′, B′)
are isomorphisms for all q ∈ Z. Remarkably, the onverse also holds by [39, Lemma
3.1℄. A speial ase is Karoubi's result that K∗(A) ∼= 0 if and only if K∗(AC) ∼= 0
([27℄). Moreover, A ∼= 0 in KKG⋉XR if and only if AC
∼= 0 in KKG⋉XC (beause
A ∼= 0 if and only if 0 indues the identity map on KKG⋉X∗ (A,A)).
Theorem 10.7. Let A ∈ KKGR . The (strong) Baum-Connes onjeture for G holds
with oeients A if and only if it holds with oeients AC.
Proof. The (strong) Baum-Connes onjeture with oeients A is equivalent to
the statement that K∗(G⋉
Obs
r A)
∼= 0 (or G ⋉Obsr A ∼= 0 in KK). Proposition 10.6
implies G ⋉Obsr AC
∼= (G ⋉Obsr A)C. Hene the assertion follows from the results
of [39℄ disussed above. 
Theorem 10.8. Let G be a loally ompat group and X a loally ompat G-spae.
If there is a dual Dira morphism in KKG⋉X
C
, then there is one in KKG⋉X
R
, and
vie versa. In this ase, we have γC = 1 if and only if γR = 1.
Proof. By Theorem 8.3, a dual Dira morphism exists if and only if D indues an
isomorphism KKG⋉X∗ (C0(X),P)
∼= KKG⋉X∗ (P,P). This holds both in the real and
omplex ase. By Proposition 10.6, the Dira morphism in KKG⋉X
C
is the omplex-
iation of the Dira morphism in KKG⋉X
R
. Hene the existene of a dual Dira
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morphism in KKG⋉X
C
and KKG⋉X
R
are equivalent by the results of [39℄ disussed
above. Sine the omplexiation of a dual Dira morphism in KKG⋉X
R
is one in
KKG⋉X
C
, γC is the omplexiation of γR. We have γ = 1 if and only if γ is invert-
ible if and only if multipliation by γ on KKG⋉X∗ (C0(X), C0(X)) is an isomorphism.
Again it follows from [39℄ that γR = 1 if and only if γC = 1. 
Appendix A. The equivariant Kasparov ategory is triangulated
We have dened a translation automorphism and a lass of exat triangles on
K˜KG⋉X in Setion 3. Here we prove that these data verify the axioms of a trian-
gulated ategory (see [38℄). More preisely, we prove the equivalent assertion that
the opposite ategory of K˜KG⋉X is triangulated.
By denition, the lass of exat triangles is losed under isomorphism and the
translation funtor is an automorphism. The zeroth axiom (TR 0) requires triangles
of the form ΣX → 0→ X
idX→ X to be exat. This follows from the ontratibility
of cone(idX) ∼= C0(]0, 1])⊗X .
Axiom (TR 1) asks that for any morphism f : A→ B there should be an exat
triangle ΣB → C → A
f
→ B. If f is an equivariant ∗-homomorphism, we may
take the mapping one triangle of f . In general, we laim that any morphism in
K˜KG is isomorphi to an equivariant ∗-homomorphism. We an rst replae f by
a morphism in KKG beause KKG and K˜KG are equivalent ategories. By [34℄ we
an represent f by an equivariant ∗-homomorphism f∗ : qsA→ qsB, where
qsA := K(L
2(G× N))⊗ q(K(L2G)⊗A).
If X = ⋆, then the C∗-algebra qA is the usual one from the Cuntz piture for
Kasparov theory. Otherwise, we have to modify its denition so as to get a G⋉X-
C∗-algebra. Namely, let A ∗X A be the free produt of A with itself in the at-
egory of G ⋉ X-C∗-algebras. That is, it omes equipped with two natural maps
ι1, ι2 : A → A ∗X A with the universal property that pairs of G ⋉ X-equivariant
∗-homomorphisms A→ B orrespond bijetively to G⋉X-equivariant ∗-homomor-
phisms A ∗X A → B. We an onstrut A ∗X A as the quotient of A ∗ A by the
ideal generated by the relations ι1(fa1)ι2(a2) ∼ ι1(a1)ι2(fa2) for all a1, a2 ∈ A,
f ∈ C0(X). The pair (idA, idA) indues a natural homomorphism A∗XA→ A. Let
qXA be its kernel. With this modied denition of qA, the assertions of [34℄ remain
true for KKG⋉X . In partiular, there is a natural KKG⋉X -equivalene qsA ∼= A.
Therefore, any morphism in KK is isomorphi to an equivariant ∗-homomorphism.
Thus axiom (TR 1) holds.
Axiom (TR 2) asks that a triangle ΣB → C → A → B be exat if and only
if ΣA → ΣB → C → A (with ertain signs) is exat. It sues to prove one
diretion beause suspensions and desuspensions evidently preserve exat triangles.
Thus axiom (TR 2) is equivalent to the statement that the rotated mapping one
triangle
ΣA
−Σf
−→ ΣB
ι
−→ cone(f)
ǫ
−→ A
is exat for any equivariant ∗-homomorphism f : A → B. We laim that this
triangle is the extension triangle for the natural extension
0 −→ ΣB
ι
−→ cone(f)
ǫ
−→ A −→ 0
and hene exat. Build the diagram (5) for this extension. The resulting map
ΣB → cone(ǫ) is a homotopy equivalene in a natural and hene equivariant fashion.
Thus the above extension is admissible and gives rise to an exat triangle. One easily
identies the map ΣA→ ΣB in the extension triangle with −Σf . This nishes the
proof of axiom (TR 2).
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Σ2D

// ΣCf

// ΣB

Σf
// ΣD

0 //

Cg

Cg //

0

ΣD //

Cfg //

A
fg
//
g

D
ΣD // Cf // B
f
// D
Figure 2. The otahedral axiom
Suppose that we are given the solid arrows in the diagram
(33)
ΣB
Σβ

// C //
γ

A //
α

B
β

ΣB′ // C′ // A′ // B′
and that the rows in this diagram are exat triangles. Axiom (TR 3) asks that we
an nd γ making the diagram ommute. We may rst assume that the rows are
mapping one triangles for ertain maps f : A → B and f ′ : A′ → B′ beause any
exat triangle is isomorphi to one of this form.
We represent α and β by Kasparov yles, whih we again denote by α and β.
Sine (33) ommutes, the Kasparov yles f ′∗(α) and f
∗(β) are homotopi. Choose
a homotopyH between them. Now we glue together β, H and α to obtain a yle for
KKG⋉X(cone(f), cone(f ′)) with the required properties. Sine (ev1)∗(H) = f
′
∗(α),
the pair (H,α) denes a Kasparov yle for A and cyl(f ′). The onstant family β
denes a yle Cβ forKKG⋉X(C0(]0, 1], B), C0(]0, 1], B
′)). Reparametrisation gives
a anonial isomorphism
cone(f ′) ∼= {(x, y) ∈ C0(]0, 1], B
′)⊕ cyl(f ′) | x(1) = f˜ ′(y)}.
Sine f˜ ′∗(H,α) = (ev0)∗(H) = f
∗(β), we an glue together (H,α) and Cβ to get
a yle for KKG⋉X(cone(f), cone(f ′)). It is straightforward to see that it has the
required properties. This nishes the veriation of axiom (TR 3).
It remains to verify Jean-Louis Verdier's otahedral axiom, whih is ruial to
loalise triangulated ategories. Amnon Neeman formulates it rather dierently
in [38℄. We shall use Verdier's original otahedral axiom (see [46℄ or [38, Proposition
1.4.6℄) beause it an be applied more diretly and beause its meaning is more
transparent in the appliations we have met so far.
Proposition A.1. For any pair of morphisms f ∈ KKG(B,D), g ∈ KKG(A,B)
there is a ommuting diagram as in Figure 2 whose rows and olumns are exat
triangles. Moreover, the two maps ΣB → ΣD → Cfg and ΣB → Cg → Cfg in this
diagram oinide.
Proof. Replaing all C∗-algebras by appropriate universal algebras, we an ahieve
that f and g are equivariant ∗-homomorphisms. We assume this in the following.
We shall use the mapping ones and mapping ylinders dened in Setion 2. We
dene a natural G-C∗-algebra
cyl(f, g) :=
{
(a, b, d) ∈ A⊕C([0, 1], B)⊕C([0, 1], D) | g(a) = b(1), f
(
b(0)
)
= d(1)
}
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and natural equivariant ∗-homomorphisms
pA : cyl(f, g)→ A, (a, b, d) 7→ a,
jA : A→ cyl(f, g), a 7→
(
a, const g(a), const fg(a)
)
,
g˜ : cyl(f, g)→ cyl(f), (a, b, d) 7→ (b(0), d).
We have pAjA = idA, and jApA is homotopi to the identity map in a natural
and hene equivariant way. Thus cyl(f, g) is homotopy equivalent to A. Moreover,
g˜jA = jBg, where jB : B → cyl(f) is the natural map, whih is a homotopy equiv-
alene. That is, the map g˜ is isomorphi to g : A → B. Reall also that the map
f˜ : cyl(f)→ D is isomorphi to f : B → D.
The maps g˜ : cyl(f, g) → cyl(f), f˜ : cyl(f) → D and f˜ ◦ g˜ : cyl(f, g) → D are
all surjetive. The kernel of f˜ is cone(f), the kernel of g˜ is naturally isomorphi
to cone(g). We let cone(f, g) be the kernel of f˜ g˜. Thus we obtain a ommutative
diagram of G-C∗-algebras whose rows and olumns are extensions:
(34)
cone(g)

cone(g) //

0

cone(f, g) // //

cyl(f, g)
f˜ g˜
// //
g˜

D
cone(f) // // cyl(f)
f˜
// // D.
We laim that all rows and olumns in this diagram are admissible extensions.
(Even more, the maps K → cone(p) in (5) for these extensions are all homotopy
equivalenes.) We have already observed this for the third row in Setion 2.3, and
the argument for the seond row is similar. The assertion is trivial for the rst
row and the third olumn. The remaining two olumns an be treated in a similar
fashion. A oneptual reason for this is that they are pull baks of the standard
extension cone(g) ֌ cyl(g) ։ B along the natural projetions cone(f) → B and
cyl(f)→ B, respetively. The projetion cyl(g)→ B is a obration in the notation
of [40℄; this property implies that K → cone(p) is a homotopy equivalene and is
hereditary for pull baks (see [40℄).
We an now write down extension triangles for the rows and olumns in (34)
and replae A and B by the homotopy equivalent algebras cyl(f, g) and cyl(f),
respetively. This yields a diagram as in Figure 2.
The omposite map ΣB → cone(g) → cone(f, g) is just the restrition of the
anonial map cone(g)→ cone(f, g) to ΣB. There is a natural homotopy from this
map to the omposition ΣB → ΣD → cone(f, g) via translations involving f . This
nishes the proof of Proposition A.1. 
We have now veried that K˜K
G⋉X
is a triangulated ategory.
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